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ON THE TOPOLOGY OF n-NORMED SPACES WITH
RESPECT TO NORMS OF ITS QUOTIENT SPACES

HARMANUS BATKUNDE AND HENDRA GUNAWAN

ABSTRACT. In this paper, we study some topological characteristics of
n-normed spaces. We construct quotient spaces of an n-normed space
and define a norm in each quotient space. Using these norms, we ob-
serve convergence sequences, closed sets, and bounded sets in n-normed
spaces. These norms will be a new viewpoint in observing the charac-
teristics of n-normed spaces. We also review the completeness of n-
normed spaces.
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1. INTRODUCTION

In the 1960’s, the concept of n-normed spaces for n > 2 was introduced
by Gahler [6, 7, 8, 9]. Some other researchers then studied and developed
this concept further [1, 2, 3, 5, 10]. They also studied some characteristics
of n-normed spaces. Ekariani et al. [4] provided a contractive mapping
theorem for the n-normed space of p-summable sequence. They proved the
theorem using a linearly independent set consisting of n vectors. Moreover,
Gunawan et al. [12] proved fixed point theorems on bounded sets in an n-
normed space also using a linearly independent set of n vectors. Meitei and
Singh [13] studied bounded n-linear operators in n-normed spaces using a
similar approach. As we can see, most researchers usually investigate n-
normed spaces using a set of n linear independent vectors.

Moreover, we will consider some quotient spaces of an n-normed space.
We will construct these quotient spaces with respect to a linearly indepen-
dent set. We also define a norm in each quotient space. We use these norms
to observe some characteristics of n-normed spaces. Before we present our
main results, here are some basic concepts of n-normed spaces.

Let n be a nonnegative integer and X is a real vector space with dim(X) >
n. An n-norm on X is a function ||-,...,-|| : X™ — R which satisfies the
following conditions:

||z1, -+ ,zn] = 0 if and only if z1,-- -, z, linearly dependent.
ii. ||#1, -, x|l is invariant under permutation.
il ||az1,... 20| = | |21, .., 25| for any « € R.
iv. ||z + 2, 22, | < @1, 2, x|+ 2, T2, - T
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The pair (X, ||-,...,-||) is called an n-normed space [10].
For example, if (X, (-,-)) is an inner product space, we can define the
standard n-norm on X by

(@n,2) - (wna) |

(1) Hxl,...,anS = ) :
<xn,x1> <xn7xn>

The determinant on the right hand side of (1) is known as Gram’s de-
terminant. Its value is always nonnegative. Geometrically, the value of

lz1,...,2,|° represents the volume of the n-dimensional parallelepiped
spanned by z1,...,%,. Moreover, if (X,|,...,-]|) is an n-normed space,
then

|zt ..zl = |21 + aoza + - + an®p, - -« x|l

for all z1,...,2, € X and «ag,...,an € R [10].

Now, we construct the quotient spaces of an n-normed space with respect
to a linearly independent set. Let (X, ]-,...,-||) be an n-normed space and
Y = {w1,...,yn} be a linearly independent set in X. For a j € {1,...,n}
we consider Y\ {y;}. We define a subspace of X, namely

Y;-O =spanY \ {y;} := Zaiyi o €ER
i#]

For any u € X, the corresponding coset in X is

= u—Q—Zaiyi a4 €R
i#j
Then we have 0 = span Y \{y;} = Y? and if & = ¥ then u—v € span ¥\ {y;}.
We define the quotient space

* L 0. f7.
X;=X/Y) ={u:ue X}

The addition and scalar multiplication apply in this space. Moreover, we
define a norm of X7 defined by

(2) HHH;k ::Huayh"'7yj*17yj+17~'~7yn||'

Using the above construction, we can get n quotient spaces. These quotient
spaces have same structure but different elements. The set that contains all
quotient spaces constructed above is called class-1 collection. [1]

In the above construction we ’eliminate’ one vector from Y. Now we
construct quotient spaces by ’eliminating’ m vectors from Y with m €
{1,...,n}. Foriy,...,im € {1,...,n}, observe Y\ {ysy, ..., i, }. We define
a subspace of X, namely

Yz‘?,...,im =spanY \ {yi,, - i, } = Z a;y; 3 o € R

I,
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For any v € X, the corresponding coset in X is

U= u+ Z oy s €R

i#il)"'yim

Then we have 0 = span¥ \ {yiy,-.., %, } = Y;?,...,im and, if @ = U, then
u—wv €spanY \ {yi,, ..., i, }- We define the quotient space

X; = X/YP ={u:ue X}

T1yeeslm 1y-slm
The addition and scalar multiplication apply in this space. Moreover, we
define a norm of X ;= defined by

K}
Hﬂ”fl,...,im ::”ua Y- 5 Yin -1 Yig+1, - - ayn” +..

+ ||Uay1, oy Yim =1 Y415 - - - 7ynH

3)

Using the above construction, we can get (T’ZL) quotient spaces. For an m €
{1,...,n} the set that contains all quotient spaces constructed above is
called class-m collection. [1]

One can see that the right hand side of equation (3) is a summation of
norms of class-1 collection (see (2)). Then equation (3) can be rewritten as

[ A 177 S of ][

Moreover, by saying 'norms of class-m collection’” we mean ’all the norms
of each quotient space in a class-m collection’. Actually, some previous
researchers who worked on n-normed spaces have used this approach. They
used the norm of class-n collection to investigate some characteristics of the
n-normed spaces. If we compare our approach to their works, ours provides
more than one viewpoint to observe characteristics of the n-normed spaces.
One can see that the summation of all norms of class-1 collection is the norm
of class-n collection. Furthermore, for any m € {1,...,n} we will use the
norms of the class-m collection to study some topological structures of the
n-normed spaces.

2. RESULTS AND DISCUSSION

As mentioned before, the construction of quotient spaces depends on a set
of n linearly independent vectors we choose. The choice of the set would not
matter. We can choose any n linearly independent vectors in the n-normed
spaces to form the set. So from here on, we will not mention the linearly
independent set explicitly, unless it is necessary.

Here we introduce some topological characteristics we observe by using
the norms of class-m collection with m € {1,...,n}.

Definition 2.1. Let (X, ||-,...,-||) be an n-normed space andm € {1,...,n}.
We say a sequence {zy} C X converges with respect to the norms of
class-m collection to x if for any € > 0, there exists an N € N such that
for k > N we have

ok = =lli,, i, <€
for every {i1,...,im} C {1,...,n}. In this case we also say

Jim [F=E L, =0
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for every {i1,...,im} C {1,...,n}. If {zx} does not converge, we say it
diverges.

Note that this definition also says that for an m € {1,...,n}, a sequence
converges with respect to the norms of a class-m collection to z if and only
if the sequence converges in each quotient space of the class-m collection.

We want to know if there is a relation between convergence with respect
to the norms of class-my collection and class-ms collection for any mq,mo €
{1,...,n}. First, we examine the following example.

Example 2.2. Let (R |-, -,-||) be a 3-normed space and for m = 1,2,3
consider all norms in each class-m collection. A sequence {x} converges
with respect to the norms of class-2 collection to x if and only if, for any
€ > 0 there exists an N € N such that for any k > N we have

- 2
12 = l[zn =27 + [Jzx — 2[5 < Ze

l[zx — 2|

3 9
* * — % 2
(4) Izr = 2lis = llzw =2l + 2 = 2ll5 < 3¢,
2
Ik =225 = llzx = 2l2 + Iz = 2ll3 < 3e.
Equation (4) implies
(5) o — @123 = 2K — @[T + [[2r — |3 + [lzr — 2|3 <e.

The left hand side of equation (5) is nothing but the norm of class-3 collection.
It means at the same time {x} converges with respect to the norms of class-3
collection to x. Equation (4) also implies

(6) [zr — |7 <e; flzp =zl <€ [lze —zf3 <e

The left hand sides of three equations in (6) are the norms of class-1 collection.
By definition, this means the sequence {xy} converges with respect to the
norms of class-1 collection to x. Here we have if {xy} converges with re-
spect to the norms of class-2 collection to x, then it converges with respect
to the morms of class-1 collection to x. Also it converges with respect to the
norms of class-3 collection to x. One can see that the converses are also
true.

Example 2.2 indicates that all types of convergence are equivalent. This
is true as we state in the following theorem.

Theorem 2.3. Let (X, ||-,...,||) be an n-normed space and m € {1,...,n}.
A sequence {x} C X is convergent with respect to the norms of class-1
collection if and only if it is convergent with respect to the norms of class-m
collection.

Proof. Let (X, ||-,...,-]|) be an n-normed space and m € {1,...,n}. Sup-
pose that {z;} C X converges with respect to the norms of class-1 collection
to x. Then for any e > 0 there exists an Ny € N such that for n > Ny we
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have
E =l <
k 1 m€7
_ 1
7=l < e,
for any m € {1,...,n}. Therefore, we have

[ex = llf, +- -+ llzn — 2, <e

for every {i1,...,im} C {1,...,n}. By the definition, this means {zy}
converges with respect to the norms of class-m collection to x.

Conversely, suppose that {zy} converges with respect to the norms of
class-m collection to x. Then for any ¢ > 0 there exists an N1 € N such that
for n > Ny we have

@) = |, + -+ [Jop — 2ll7, <e,
for every {i1,...,im} C {1,...,n}. Then we have
[z, — 2l <e,

for any j € {1,...,n}. By the definition {z}} also converges with respect
to the norms of class-1 collection to z. 0

Theorem (2.3) states that for any mq,mae € {1,...,n}, the types of con-
vergence with respect to class-mq and class-mso collection are equivalent.
So unless we need to specify the class explicitly, we may simply use the
word ’'converges’ instead of ’converges with respect to the norms of class-m
collection’. We also denote {x} converges to x by xx — x. Moreover we
present teh definition with respect to the normss of class-m collection for an

m € {1,...,n} closed set in the n-normed space.
Definition 2.4. Let (X, |-,...,-]|) be an n-normed space, K C X, and
m € {1,...,n}. The set K is called closed with respect to the norms

of class-m collection if for any sequence {xy} in K that converges with
respect to the norms of class-m collection in X, its limit belongs to K.

Since all types of convergence are equivalent, all types of closedness of a
set also euivalent. Moreover, one can see that for observing the convergence
of a sequence we have to use all norms of a class-m collection. For simplicity,
we need to reduce the number of the norms we used. So, is it possible to
reduce the number of the norms? First, we consider the following example.

Example 2.5. Let (R, ||, -,-||) be a 3-normed space. We define class-1,2,3
collections of R%. Suppose that a sequence {xy} C R? converges with respect

to the norms of class-2 collection to x. For any ¢ > 0, there is an N € N
such that for k > N we have

(7) 2k =2l <e
(®) [zx =2l <e

9) [k — |35 <e.
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Now, let us just consider (7) and (8). The two equations imply

lzr =zl <e Nzw—zlz <e [loe—zl3 <e

By the definition, we have {x} converges with respect to the norms of class-
1 collection to z. Since for all m € {1,...,n} the types of convergence are
equivalent collection, we can check the convergence of a sequence just by
using two norms of class-2 collection, namely || - |12 and || - |13

Remark. Generally, for an m € {1,...,n} the convergence (of a sequence)
with respect to the norms of class-m collection can be observed by using
some norms || - [|¥ ; we choose such that

im

(10) Ufins - vim} 2 {1, 0},

Moreover, the least number of norms that can be used to observe the con-
vergence with respect to the norms of class-m collection is {%1 norms. For
some class-m collections, we do not need to use all norms to check the con-
vergence. One can see that for m = 1 or m = n we have to use all norms of

the class-m collection.

For example, let (X,-,-,-,-,-|||) be a 5-normed space and consider the
norms of class-2 collection. The least number of norms that we can use is
[3] =3, for instance || - |75, || - 13, || - [I15- If it is less than three norms,

then it will not meet the definition requirements. The following example
n

shows what happened if we choose less than {a] norms.
Example 2.6. Let (R, (-,-)) be an inner product space and Y is a set of
standard basis vectors of R>. We define a standard 5-norm as

1/2
(x1,21) -+ (21,75) /
(11) lz1,...,zs5)° = :

(z5,71) (I5;$5>

We consider sequence xj, = (0,0,0,0,k) in R®. By the definition, one can
see that this sequence {x} does not converge with respect to the norms of
class-m collection, for any m =1,...,5.

Let us consider class-2 collection of R® and observe the convergence. Note
that three is the least number of norms we propose to observe the convergence
with respect to the norms of class-2 collection. Instead of using three norms,
here we try to use two norms of class-2 collection. Let x = (0,0,0,0,0),
choose two norms of class-2 collection, namely || |7 o, || - |3 4. For any k € N
we have

|Ze =2l o = I1T% 115 .2 = ok v, y3, 4, w5 11° + ek, y1, ys, yas s ° =0,

and

||xlc - ‘T”§,4 - HI_]C“T,? = ||Ik,y17y27y4ay5||s + ||Ik:7y17y21y3,y5l|s =0.

the value of these norms is 0 because x, = kys, for every k =1,2,..., which
means xp and ys are linearly dependent. If we just take these two norms to
investigate the convergence of {xy}, then we have i, — x. This is a false
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conclusion. But if we add another norm of class-2, for example ||z — z||5 5,
then we have

||Z’k - ‘T||T,5 = Hmk‘7y27y37y4ay5|ls + ||~Tk,yl,y273/37y4||s

1/2
(@pyar) (eno) (oez2) (opes) (o) |V
(x1,28) (x1,21) (x1,22) (z1,23) (T1,V4)
=0+ | (xo,zk) (x2,21) (w2,22) (x2,23) (T2, Ya)
(3, 21) (23,21) (w3,72) (w3,73) (@3,Y4)
(ya,ox)  (wa,m1) (wa,22) (Ta,73)  (Ya,va)
=n.
Then, for n — oo, ||z — ||} 5 — 0o, which means that {x}} diverges.
The above example shows that in this case, we can not take less than {g]

norms to examine the convergence of a sequence. Also, the norms we choose
must satisfy condition (10). Furthermore, we will study bounded sets with
respect to the norms of quotient sets of the n-normed spaces.

Definition 2.7. Let (X, ||-,...,||) be an n-normed space, K C X be a
nonempty set, and m € {1,...,n}. The set K is called bounded with
respect to the norms of class-m collection if and only if there exists
an M > 0 for any x € K such that

IZll7,.... i, <M,

—
for every {i1,...,in} C {1,...,n}.

Moreover, we will show that all types of the boundedness of a set with re-

spect to the norms of class-m collection for all m € {1,...,n} are equivalent.
Now, let us consider the following example.
Example 2.8. Let (R, ||-,-,-]|) be a 3-normed space, K C R and define

class-1,2,3 collections in RY. Suppose that K C R? is bounded with respect
to the norms of class-2 collection. Then for any x € K, there is an M > 0
such that

1Zll2,5 = IZl2 + [[Zll3 < M,
(12) 1775 = IZI7 + [[Zll5 < M,
I1Zl1,2 = [IZ[]T + [[Z]]2 < M.

These imply
21zl + [IZll5 + 1Zl13) = ||

23 1 755 + [Tl12 < 3M.

or

(13) & ;

123 = [l + 23 + [Izll3 < 5M = C,

with C > 0. One can see that the left hand side of equation (13) is the norm
of class-3 collection. This means that K is bounded with respect to the norm
in class-3 collection. Equation (13) implies

(14) [zli<C, zla<C |zl <C

The left hand sides of the three equations in (14) are nothing but the norms
of class-1 collection. This means K is bounded with respect to the norms of
class-1 collection.
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In the above example, if K is bounded with respect to the norms of class-2
collection, then K is bounded with respect to the norms of class-3 collection.
It also implies K is bounded with respect to the norms of class-1 collection.
One can see that the converses are also true. The example indicates that all
types of boundedness are equivalent. Then we have the following theorem.

Theorem 2.9. Let (X, ||-,...,||) be an n-normed space, K C X nonempty
andm € {1,...,n}. The set K is bounded with respect to the norms of class-
1 collection if and only if it is bounded with respect to class-m collection.

Proof. Let (X,|-,...,-]]) be an n-normed space, K C X nonempty and
m € {1,...,n}. Suppose that the set K is bounded with respect to the
norms of class-1 collection. Then there is an M > 0 for any = € K, such
that

zllf <M, |zl3<M, -, |7l <M
Hence we have
(15) 1Zl17,.... i = [ZI7, + -+ 175, < m- M,

for any {i1,...,im} C {1,...,n}. The left hand side of equation (15) repre-
sents all norms of class-m collection. By the definition, K is bounded with
respect to the norms of class-m collection.

Conversely, supposed that K is bounded with respect to the norms of

class-m collection. Then there exists an M > 0 for any = € K such that
[Zlli, + -+ 1Zl5, = =15, . <M.

for every {i1,...,im} C {1,...,n}. It implies that

[z]l5 < M,
for every j € {1,...,n}. Consider the norms of class-1 collection. Then by
the definition this means K is bounded with respect to the norms of class-1
collection. O

Since all types of boundedness are equivalent, we will not mention the
type of boundedness explicitly. We may simply use the word bounded’
instead of "bounded with respect to the norms of class-m collection’.

We will give an example to show that we do not need to choose all norms
of class-m collection for some m € {1,...,n} to examine the boundedness.

Example 2.10. We observe (R%, ||-,-,-[|) as a 3-normed space and consider
all norms of class-2 collection. We have three norms in class-2 collection,
namely || - [|7 9. [| - 113, | - 13,3 It is sufficient to examine the boundedness of

a set K CR? just by using two norms of class-2, namely ||[T||} o, | Z|[ 5. If,
for every x € K,

[Zll12 < M, and [[T|]f 3 < M; M >0,
then we have

2|z(7 + |[zll3 + [[z]l3 < 2M = C; > 0.
This implies
(16) ]

12,3 < 2[Z|7 + [z + |I7ll5 < C.
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The left hand side of equation (16) is the norm of class-3 collection. By
the definition, this means K is bounded with respect to the norms of class-3
collection. Since all types of boundedness are equivalent, K is bounded.

Generally, the definition of bounded set of class-m can be observed by just
using some norms |- |7, ; ~such that condition (10) applies. Moreover, the
sufficient number of norms that we use to define bounded with respect to the
norms of class-m collection is {%1 norms. One can see that these conditions
match with the conditions used to investigate convergent sequences.

Next, we will present a concept of completeness in the n-normed spaces
with respect to the norms of class-m collection, with m € {1,...,n}. Here

we give some basic definitions related to completeness.

Definition 2.11. Let (X, ||-,...,-||) be an n-normed space and m € {1,...,n}.

A sequence {x} C X is called a Cauchy sequence with respect to the
norms of class-m collection if for any e > 0, there exists an N € N such
that, for every k,l > N, we have

ok = il i <6
for every {i1,...,im} C {1,...,n}. In other words

Jim =il =0

for every {i1,...,im} C {1,...,n}.

Theorem 2.12. Let (X, ||-,...,||) be an n-normed space and m € {1,...,n}.
If {zx} is convergent with respect to the norms of class-m collection, then
{zk} is a Cauchy sequence with respect to the norms of class-m collection.

Proof. For an m € {1,...,n}, let {3} converge with respect to class-m
collection to . Then we have for any ¢ > 0, there exists an N € N such
that, for every k,I > N we have

lze =illi, i < 2k =205, i T =2l <6

for every {i1,...,im} C {1,...,n}. This means {zy} is a Cauchy sequence.
O

Moreover, all types of Cauchy sequence with respect to the norms of
class-m collection for all m € {1,...,n} are equivalent. We state it in the
following theorem.

Theorem 2.13. Let (X, ||, ...,||) be an n-normed space and m € {1,...,n}.
A sequence {z} C X is Cauchy with respect to the norms of class-1 collection
if and only if {x} is Cauchy with respect to the norms of class-m collection.

Proof. The proof is analogous with the proof of Theorem (2.3). d

Hereafter, we may simply use the word ’Cauchy’ instead of ’Cauchy with
respect to the norms of class-m collection’. We will mention the type if we
need to specify it explicitly. Moreover, if every Cauchy sequence in X is
convergent, then X is complete.
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3. REMARK AND CONSLUSION

We have observed some topological characteristics of the n-normed spaces.
We studied closed sets, bounded sets, convergence and Cauchy sequences.
We also studied the completeness of the n-normed spaces. We reviewed these
characteristics using norms of the quotient spaces we constructed from the
n-normed spaces. Some researchers have used this approach. They used the
norms of class-n collection to observe some characteristics of the n-normed
spaces. Here, we provide more than one class collection that can be used
to see the characteristics of the n-normed spaces. This means we use more
general viewpoints. This allows us to present more general definitions, prop-
erties and theorems as part of the characteristics of the n-normed spaces.
Using this viewpoint, we can investigate not only the topological charac-
teristics, but also geometry and other aspects of the n-normed spaces.
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