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A NOTE ON THE (h,q)-CHANGHEE NUMBERS AND
POLYNOMIALS

SEOK YOON HWANG! AND JIN-WOO PARK?

ABSTRACT. In this paper, we introduce a new g-analogue of the Changhee
numbers and polynomials of the first kind and the second kind of order
r, which are called the Witt-type formula for the g-analogue of Changhee
polynomials of order r. We can derive some new interesting identities
related to the ¢g-Changhee polynomials of order r.
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1. INTRODUCTION

In recent years, the various special polynomials have been defined by using
p-adic g-integral on Z, and introduced by T. Kim (see [9, 10, 11, 12]). Let
p be chosen as a fixed odd prime number. Throughout this paper, we make
use of the following notations. Z,, Q,, and C, will respectively denote the
ring of p-adic rational integers, the field of p-adic rational numbers and the
completions of algebraic closure of Q,. The p-adic norm is defined |p|, = p L.

When one talks of g-extension, ¢ is variously considered as an indetermi-
nate, a complex ¢ € C, or p-adic number ¢ € C,. If ¢ € C, one normally

assumes that |¢| < 1. If ¢ € C,, then we assume that [¢ — 1|, < pip%l SO
that ¢° = exp(xlogq) for each x € Z,. Throughout this paper, we use the
notation :
_1-q
[z]q = 1—q

Note that lim,_,;[z], = « for each z € Z,.

Let C(Z,) be the space of continuous functions on Z,. For f € C(Zp),
the fermionic p-adic q-invariant integral on Zj is defined by Kim as follows

.1
1) | o
Lih) = [ f@du-y(a) = Jim e 3 (0" (see 12,6, 13),

=0
Let f1 be the translation of f with fi (z) = f(x +1). Then, by (1), we
get
(2) al—q(f1) + Io(f) = [2]4£(0).

As it is well-known fact, the Stirling number of the first kind is defined by

3) (@p=z(@-1)(e-—n+1)=) Si(nl)a,
=0
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and the Stirling number of the second kind is given by the generating function
to be

m = t
(4) (¢ =1)" =m!) " Sy (1,m) L (see [3, 5, 15, 16, 17]).

l=m

Unsigned Stirling numbers of the first kind is given by
(5) e =g +1)(@rn—1) =) [Si(n, D)z

Note that if we replace z to —z in (3), then

(—)n =(=1)"2™ = 3" Sy (n, 1)(~
(6) .
=(-1)" Y [Si(n, 1)]a!

=0

Hence Si(n,1) = |S1(n,1)|(—=1)""
Recently, D. S. Kim et. al. introduced the Changhee polynomials of the
first kind of order r are defined by the generating function to be

(7) <2i+t) (14+1)° ZCh (see [8]),

and the Changhee polynomials of the second kind of order r are given by
21+t
< (t: )> (141" = ;}c;ﬁ x)— (see [8]),

and E. -J. Moon et. al. defined the g-Changhee polynomials of order r as
follows.

1
<ﬁ) (L+1)* ZCh ng (T —, (see [14]).

In recent years, several authors have studies the various generalization of
Changhee polynomials (see [4, 7, 8, 13, 14]), and in [1], authors give new
g-analogue of Changhee numbers and polynomials.

In this paper, we introduce a new g-analogue of the Changhee numbers
and polynomials of the first kind and the second kind of order r, which are
called the Witt-type formula for the g-analogue of Changhee polynomials
of order r. We can derive some new interesting identities related to the
g-Changhee polynomials of order r.

2. ON A ¢-ANALOGUE OF CHANGHEE NUMBERS AND POLYNOMIALS OF
ORDER 7

1
In this section, we assume that ¢,q € C, with |¢|, < p~?-1. First, we con-
sider the following integral representation associated with the Pochhammer
symbol :
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/ o [ @y ey g (y1) - dpg (),
Zp Zp

r—times
where n € Zy = NU{0}, hq,...,h, € Z and r € N. By (8),
9)

t?’L
Z me+y1+ A Yndb—g(yn) - Ay ()

rT+y+ -+ Yr
/ / i=1 hivi ( < 1 > n) dpi—q(y1) - - dpi—q(yr)
Ly Zp n=0

:/ / gt s (1 )T () - dp g (g,
ZP ZP

where t € C, with \t|p < p_?%. By (2) and (9), we have

t?’L
Z/ (@ 4w n) - dig (o)
(10)
I S L S x
1—[1< h+1(1+t +1>(1+t) '
If we put
- 2]
(h],...,h’,‘) — q x
then
Fbeo D (g ) = 2o T(l—i—t) icw (gc)ﬁ
g ’ 2+t S O
and

2 \" t
p( e —1) —
élm1 (z,t) (2 t> I+t E Ch o

Thus, Fq(hl’""hr)(x, t) seems to be a new g-extension of the generating func-
tion for the Changhee polynomials of the first kind of order r. Thus, by (7)
and (9), we obtain the following definition.

Definition 2.1. A (h, q)-Changhee polynomials of the first kind is defined
by the generating function to be
Z Chlfi-- " ﬁ B T (1+t)"
KT S A |

Moreover,

Chiliyrtn)(a) = /Z /Z == MY (g oy ndpg (1) - dpg(y)-

P
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is called the nth (h, q)-Changhee numbers of the first kind of order r. Note
that, by (7) and Definition 2.1,

a+1

(1) Ch D () = ( )Toh%).

The equation (11) shows that the (h, ¢)-Changhee polynomials of the first

kind of order r is closely related the nth Changhee polynomials of order 7.
It is easy to show that

a [2}(1 xT
1;[ (qhz+1(1+t)+1) (1+)

(12) o
_ N\ o (hpeshr) t"
-3 (Zo (m> Only (x)m) o

By Definition 2.1 and (12), we have

n
} X hiy.shr n!

—ml
3 — n—m!
" (@ (o) ™
= Chlphr) —.
= <n — m> e m!
Since

@+t +ydn =D Sin D@+ +-+y)

=0
(14) "
Lol .
= Sl(nal) Z y11y22 "'(-T+yr)l ,
=0 -
Tl >0

by Definition 2.1 and (13), we have
Ch{) (z)

n
=/ / == NS ) Y g ()t
Zp Zp =0

= L+ tlr=l
(15) A
n
h hr— hT
S s Y BN BB @),
1=0 L+ AFlr=l
U1, sl >0

where E,(lhg (x) are the (h, ¢)-Euler polynomials derived from
E{l)(x) = /Z ¢" (@ +y)"du—q(y), (see [7]).
P

Thus, by (13) and (15), we obtain the following theorem.
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Theorem 2.2. For n > 0, we have

m=0
n
h Py hy
=3 > SimnE BV E ().
1=0 ly++lr=

Note that, by (1), the generating function of (h, ¢)-Euler polynomials are

AT ¢
> B @S = [ e ()
n=0

P

[Z}Q eact
qh+let + 1 )

(16)

By replacing ¢ by ef — 1 in Definition 2.1,

> 1

n
S Cnliy )= (e 1)
n=0

- 1 ¢!
= (h1yeeshr) () —
(17) —;]Chn,; (z) ! ; Sa(lim)y;

n

oo n t
:Z <Z Ch%b}q,...,m)(x)sz(n’ m)) —
n=0 \m=0

and, by (16),

o0
n (h) |, pplhr-1) (k) () £
= I DN 1) E T)—.
1yl >0
Thus, by (17) and (18), we obtain the following theorem.

Theorem 2.3. For n > 0, we have

n (h) .. ) (o) g (b
S (B B = 3 on s
L+ +l=n ’ ’ m=0
150yl >0
Let us define the (h, ¢)-Changhee polynomials of the second kind is defined
as follows:
(19)

—~ (h1,eshir

( hy) T
Chp g (z) = /Z e ” q27'=1 hlyl(_m_yl_' S Yr)ndpi—q(y1) - - - dp—q(yr)
JLp »
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yoes hi,...;h
where n is a nonnegative integer. In particular, C’h( ' )( 0) = C’h( bof)

are called the nth (h, q)-Changhee numbers of the second kind.
By (3) and (19), it leads to

(20)
S

:/ / = MY (—r =y — =y )adp g (1) - g (yr)
S L S Lp

:/ o gz M ()M @y ) g (i) - dpg (yr)
ZP ZT’
n

h
=S sl > B BNEN) ().
1=0 Uyl =l
U1, ,0n >0

Thus, we state the following theorem.

Theorem 2.4. Forn > 0, we have

— (h1,..., n h ho hr
e Y Y Sl DE BRI (@),
=0 l1++l-=l
11,0yl >0

Let us now consider the generating function of the (h, ¢)-Changhee poly-
nomials of the second kind as follows:

(21)

=0
[}

tn
Z/ Zz 1 “/1( —y1 = = Yr)ndp—q(y1) - ‘du*q(yr)_l
2 Zp n:
/Z Zz L hiys (—l‘—yl _...—yr>tnd‘u_q(y1)...du,_q(yr)
»

n

:/ o qZLl (1 0) () - dpg ()
Zp Zp

T 2 .
= <le[1 ﬁ) (1+1)"

By replacing t by e! — 1, we have

r o0
2], —at _ (h1hr) (! = 1)"
(Mgl ) =yl

(22) =ié71;h; " —H'ZSQ (1,n)
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and
. [2]q e—.Tt
bl qh,;—&-left_'_l
(s h " N () ()L
= () B >>< ()" B (x) )
(23 ( (Z i) J\ e

00
- n (h1) (hr=1) ga(hr) ¢
— Z(_l)n Z (7:17 oo )lT‘> Elh; e El'y'—la; ElTVq (x) a

n=0 li4+l=n
liyelr 20

By (22) and (23), we obtain the following theorem.

Theorem 2.5. Forn >0, we have

ZCh (li) (S (n, m)

- n (h1) (hr—1) g(hr)
S (il,...,zr)f%l,; BB )

l1+-+lr=n

By Theorem 2.3 and Theorem 2.5, we obtain the following corollary.

Corollary 2.6. Forn > 0, we have

Z Ch{0) (2) S5 (n, m) Z Tl (2) Sy (n, m).

By Definition 2.1,

(24)
hi,....hr
(Sl @)
n!
o (Tt
_1)”/ e quZ] hiyi ( n Y >dﬂ—q(y1) . dﬂ—q(y’r)
ZP ZP n
1 hiyi

/Zp /2

( T =y - *yr+n )dﬂ_q(yl)...du_q(yr)

" n—1 Y — e —
:Z ( >/ g i=1 y( h yr>du_q(y1)---du—q(yr)
m=0 ZP Zr m
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and

(25)

— (h1,....,hy)
Ch,, T
(-1 Lina__ 0

o [T =YL= — Yy
v f - qu—lhwz( T ) o)
Z]” ZP n

:1c+y + - +yr+n
/ i y< | >du 1) dpg(y)
Zp Zp
n

zmzo(n—l)/ / E_lhyl<$+y1+ +yr>dﬂq(y1)---dpq(yr)
_Z(n—l>¥

Therefore, by (24) and (25), we obtain the following theorem.

Theorem 2.7. For n > 0, we have

n — (h1,...,hr)
1y Ohhl, . )(x) :Z n—1 Chm,lq (z)
n! — m—1 m! ’

and

(hlx 7h) n h )

Ch, CRL") (1)
n n,q
R MU
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