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A NOTE ON DEGENERATE CENTRAL FACTORIAL
POLYNOMIALS OF THE SECOND KIND

D.V. DOLGY, GWAN-WOO JANG, AND TAEKYUN KIM

ABSTRACT. In a recent work, the degenerate central factorial numbers of
the second kind were introduced. In this paper, we study the degenerate
central factorial polynomials of the second kind and give some identities
for these polynomials associated with special numbers and polynomials.

1. Introduction
The falling factorial sequences are defined by
()o=1, (@)p=z(x—-1)-(z-—n+1), (n>1). (1.1)

The Stirling number of the first kind is defined by the falling factorial sequence
to be

n
(@)n = > _ Si(n,k)z¥, (n>0), (see[l - 10]). (1.2)
k=0
It is well known that the Stirling number of the second kind is given by
n
2" =Y Sa(n, k) (@), (n>0), (see[9,10]). (1.3)
k=0

For n > 0, the central factorial is defined by
o n n n n /
20 =1, x[]:m(a:+§—1)(x+§—2)~--(w—§+1), (n>1). (1.4)

As is known, the central factorial numbers of the second kind are defined by
o' =Y Tk, (n>0), (seell,6.7)). (15)
k=0

From (1.5), we note that the generating function of T'(n, k) is given by

t

St ey =Y T(n,k)%n!, (see[7]). (1.6)
n=~k
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For A € R, the A-analogue of falling factorial sequences, (), x, (n > 0), is
defined by

(@or =1, @mr=ax(x—=A)-(z—(n-1A), (n>1). (1.7)

In [6], the degenerate central factorial numbers of the second kind are defined
by the generating function to be

1 B _L
E((l#—)\t)’M—(l—l—)\f 2 ZTQ,\nk (1.8)
n==k
Note that limy__,o T5 x(n, k) = T'(n, k), (n,k > 0).
In this paper, we study the degenerate central factorial polynomials of the sec-
ond kind and give some identities for these polynomials associated with special
numbers and polynomials.

2. Degenerate central factorial polynomials of the second kind

For z € R, we consider the degenerate central factorial polynomials of the
second kind which are given by the generating function to be

1 z

E((1+At)%_(1+m)*%) (1+ A% ZTH n, k|x (2.1)
’ n==k

When z = 0, Ts z(n, k) = T2 x(n, k|0) are the degenerate central factorial num-

bers of the second kind.
From (2.1), we easily get

n==k . .
- ! > m
:<ZT2’*(Z"’“)%)( (gf)m,xjn_!) (2.2)
I=k =
=2 ( (7) T2,)\(lvk)($)n—l?,\)tn—7;.

By comparing the coefficients on the both sides of (2.2), we obtain

n

Tya(n k) = 3 (’Z) Ty (1K) (@)t (2.3)

=k

where n, k > 0.
For r € N, the r- central factorial numbers of the second kind are defined by the
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generating function to be

1 r a1 _a r t"
AT (L4 M) — (14 20)7%) ZTQ(/\)rL+7'k+r)—'
n==k

Then, by (2.4), we get

oo - n 1 1 ik .
Z 2(,>?(n+7'7]€+r)a:g((l+)\t)zx — (14 \t) “) (14 \t)5

n=~k

3
Il
=)

( o
(iTZ’,\(l,k)“)(Zrm)\ '”ZSlzm )
( J(3 (3 rmamsim) )

I=k ’ i=0 m=0

n

00 n n-—I
-y ( 3 (”;) PmAnTI=m G (n — z,m)Tz,A(z,k))%

Comparing the coefficients on the both sides of (2.5), we have

n n-—l

TQ(T,\) (n+rk+r)= Z Z <7> AT S (n— 1,m) Ty (1, k),

=k m=0

where n,k € NU {0} with n > k.
Now, we observe that

%(1 FA)F (14 M) 7% — (14 At)~7)"

1 1 . N L
= S(@+2F =14 1) (L M)F — 1+ x) Ny
S " 1 X 2 _1l\m
:mZZO (m)m(l—l—)\t)ﬂ((l—}—,\t)zx _(1+)\t) 2/\) +k
(T m+k w1
i&(m)m’( a0

14 A)2x — (14 Ar)~2x) "

(2.4)

(2.5)

(2.6)
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(") 5 potom w2

n=mtk (2.7)

i(z() (m;k>m<nm+k| N

m=0

0

Therefore, by comparing the coefficients on the both sides of (2.7), we get

n—k
(r) B m+k LAY , m
Ty\(n+rk+r)= Z_()( m ><m>m!T2_A(n7m+k|5), (2.8)

where n, k > 0 with n > k.
From (1.7), we have

>|=

(14 M) = (1+At)%((1+At) +1)°

i 1+,\t)% (1+at)~2)"

k=0

>«|~'

(1+ At)

k=0
0o 0o k m
:Z )kZT2,/\<n,k|§ +T)m
k=0 n==k
=3 (Centaatutly +0)
n=0 k=0 w

and

T4 oo z4r tn
A nan __ n’
( n ))\ ¢ _Z( )\ )n)\ Tl'

(1+ M) = io
>

=0 (2.10)
= T+ T n, /\
n=0
Therefore, by (2.9) and (2.10), we get
n
@ +7)nr = > (@)Ton(n, kl +7), (2.11)

k=0
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where n, k > 0.
On the other hand,

+ + > :c—|—7’ k 1 k
(L+ M) = e losHA) 3™ (2 log(1+1))
k=0

o0 o0 n

T + r nt
> ( ZS (n, k)N — (2.12)

=k

el
o
s

i (zn:)\” F(z 4 r)*8 (n, k))tTi

=0 k=0

From (2.10) and (2.12), we note that

n

(@ +)ar = > A""F(@+71)"S1(n, k), (2.13)
k=0

where n, k > 0.
From (2.1), we can derive the following equation:

1, N 1
E(e? — €7§)k = ZTQ,A(l,k‘)ﬁAiwe)\t — 1)l
=k
[e'e] o0 t"
=Y Toa(L AT Sa(n, DA™ (2.14)
=k n=lI s
= (ZTH (1, k) So (n, A"~ l) -
n=k =k G
By (1.6) and (2.14), we get
T(n,k) =Y Tox(l,k)Sa(n, A", (2.15)
=k

where n, k > 0 with n > k.
From (2.4), we have

o0 . tn 1 . . )
> LRtk )—11y(HM)?((HAt)ﬂ—(1+At)*a)’€
n=k :
1 R l
H(HA”TT)Z:() DF(1 4 Atk

1 k k k=1L (l4r—£)log(1+At)
= o Z l (—1)Ftex 2
T 1=0
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1
!

< > 1)k ZZ/\ ™ —E) %(log(1+/\t))m
(?)(_1)kl Z )\77n(l+7’— g)m Z Sl(n’m)xnﬁ

m=0 n=m

»HM»

1
k!
) . (2.16)

( Z )\""”Sl(n,m)% Z <l;> (- (147 - g)m)i

( i )\nfmSl(n,m)( 5k m)) tn.

|
m=0 s

Comparing the coefficients on the both sides of (2.16), we obtain

n

r . 1.
Tz(,x)(n +rk+r)= Z ATTS 1 (n, m)(yb’“rm), (2.17)

m=0

where r € N, n,k € Z with n > k > 0, and 6f(:v)=f(x+%) — (m—%)
For m,k > 0, we have

%(HM)%((HM)% — (L4 A)" %)"li.((Hm% (14 x)-)*

1 T 1 _ 1 \m+k
|k’(1+At)x((1+)\t)zx—(1+At) 2x)

(m+k)! 1
B m!k!) (m+k)!(<

LA — (L4 A~ 2) " (14 2

m+k > (r) tn
={,, Z TZ’)\(TL—FT,m—i—]{J—i—T)H.
n=m-+k '

On the other hand,

" AE (1420 7)

:(ZTQ(TA)I+Tm+ )@Tzu’ 0
5 (£ Qpitsomemie )

n!
n=k+m l=m

1 r 1 a1
ﬁ(1+/\f.)x((1+/\t)m — (L4 At)" =)’

(2.19)
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Therefore, by (2.18) and (2.19), we get

n—k
m+k r n r
(" Yt v k) = > ()20 rm+ Tt - 1)

(2.20)
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