Proceedings of the Jangjeon Mathematical Society www.jangjeon.or.kr
21 (2018), No. 4. pp. 627 - 636 http://dx.doi.org/10.17777/pjms2018.21.4.627

TO SOLVE MATRIX GAMES WITH FUZZY GOALS USING
PIECEWISE LINEAR MEMBERSHIP FUNCTIONS
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ABSTRACT. In this paper, the solution concepts are presented for a two
person zero-sum matrix game with fuzzy goals using piecewise linear
membership functions. This paper shows that the solution of matrix
game with fuzzy goals can be determined by solving two crisp linear
programming problems which are dual to each other in fuzzy sense. The
fuzziness in goals is characterized through piecewise linear membership
functions. One numerical example is illustrated to show the effectiveness
and advantage of the proposed technique.
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1. INTRODUCTION

Game theory usually represents those systems that involve decisions based
on conflicting interests, to be taken by at least two decision makers (players).
In most of situations which can be modeled as games, it often happens that
players are not able to evaluate exactly the data of the game and their own
preferences and choices. In such cases, fuzzy set theory provides an excellent
tool that can be used to handle the imprecision in decision making problems.

The present work is devoted to two person zero-sum matrix games in
fuzzy environment. In fact, matrix games with fuzzy concept have appeared
more visibly rather than deterministic-stochastic games. As in crisp games,
a two person zero-sum fuzzy matrix game can be equivalent to two linear
programming problems that are dual to each other in fuzzy sense [3, 4, 5].
So, first we study some fuzzy duality results; see [2, 8] and references therein.
Fuzzy set theory was introduced for the first time in two person zero-sum
matrix games with fuzzy payofts by Campos [12]. His approach was based
on ranking of fuzzy numbers. Thereafter, Sakawa and Nishizaki [13] solved
single and multi-objective matrix games with fuzzy goals and fuzzy payoffs
by using max-min principle of game theory. Bector et al. [4, 5] used the-
ory of duality in fuzzy linear programming problems to solve a two person
zero-sum matrix game with fuzzy goals and fuzzy payoffs. Chen and Lar-
bani [16] solved fuzzy multiple attributes decision making problem using two
person zero-sum game approach. They defined fuzzy matrix with triangular
membership function and proved that two person zero-sum game with fuzzy
payoff matrices is equivalent to two linear programming problems. Cevikel
and Ahlatcioglu [1] proposed new concepts of solutions for multi-objective
two person zero-sum games with fuzzy goals and fuzzy payoffs using linear
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membership functions. Pandey and Kumar [7] introduced a modified ap-
proach to solve multi-objective matrix game with vague payoffs using a new
order function. Nan et al. [11] gave a lexicographic methodology to deter-
mine the solution of matrix game with payoffs of triangular intuitionistic
fuzzy numbers for both players. Li and Hong [6] proposed an approach for
solving constrained matrix games with payoffs of triangular fuzzy numbers.
In this approach, they introduced the concepts of alpha constrained matrix
games. Bandyopadhyay and Nayak [14] introduced an approach for solving
a matrix game whose payoffs are symmetric trapezoidal fuzzy numbers. In
this approach, they transformed symmetric trapezoidal fuzzy numbers to
interval fuzzy numbers so that lengths of all intervals were different.

In this paper, we propose a solution approach to solve matrix games with
fuzzy goals using piecewise linear membership functions to make work more
efficiently. This approach is based on duality results established in [8].

The layout of this paper is as follows: In section 2, some definitions and
results are introduced which are relevant to this paper and in section 3,
the solution concepts are given to a matrix game with fuzzy goals using
piecewise linear membership functions. In section 4, one numerical example
is considered to discuss the proposed approach.

2. PRELIMINARIES

Let R™ denote the n-dimensional Euclidean space and R’} be its non-
negative part. Let A € R™*™ be a (m X n) real matrix. Mathematically,
a two person zero-sum matrix game is a triplet G = (S8™,5™, A) where

m n
S™ = {z e R}, in =1} and 5" = {y € R}, Zyj = 1}. Here S™(S™) is
i=1 j=1
the strategy space for Player I (Player II) and A is called the payoff matrix.
It is a convention to assume that Player I is a maximizing player and Player
II is a minimizing player. Further for x € S™,y € S™, the scalar =T Ay is
the payoff to Player I, G being a zero-sum game, the payoff for the Player
IIis —zT Ay.

Definition 2.1. (Solution of Game) The triplet (z*,y*,v*) € S™ x S™ x R
is called a solution of the game G if
(i) (z*)T Ay > v*, for all y € S™
and
(ii) 2T Ay* < v*, for all x € S™
where x* /y* is called the optimal strategy for Player I/Player II and v* is
called the value of the game G.

Let vg, wp be scalars representing the aspiration levels of Player I and II
with tolerance values pg and qo respectively. A two person zero-sum matrix
game with fuzzy goals (F'G) is defined as

FG = (va Sn7 A7 V0, Sap[)a Wo, Za qO)a
where S™, 5™ and A have introduced as earlier in this section and ”
and 7 2 7 are fuzzified versions for the usual symbols 7 < 7 and ”

respectively, having the linguistic interpretation as explained in [10].
The solution of the fuzzy matrix game F'G is defined as following:
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Definition 2.2. [5](Solution of Matriz Game with Fuzzy Goals) A point
(z*,y*) € 8™ x S™ is called a solution of the fuzzy matriz game FG if

(1) ()T Ay Zpo Vo, for ally € S™
and
(ii) 2T Ay* <40 wo, for all z € S™

where the symbols Zp, and Sq0 mean ‘fuzzily greater than with tolerance
value po’ and ‘fuzzily less than with tolerance value qo’ respectively.

2.1. Auxiliary Duality Results with Piecewise Linear Membership
Functions. A fuzzy pair of primal-dual problems is introduced by Pandey
and Kumar [8] in which they modified the fuzzy dual model of Bector and
Chandra [2], using piecewise linear membership functions.
Consider the fuzzy versions of the usual primal and dual problems as defined
in [2, 8]:

Find z € R" such that

¢z 2 Zy,
Az < b,
(1) z > 0,
and
Find u € R™ such that
vlu < Uy,
ATy > ¢,
(2) u > 0,

where Zp,Uy respectively denote the aspiration levels of two objectives
Tz, b .

In this work, the piecewise linear membership function for objective func-
tion of primal (respectively dual) is approximated by two line segments. Let
Zo1, Zo2 = Zy be the aspiration levels for objective function of primal prob-
lem and Uyy,Uge = Uy be aspiration levels for objective function of dual.
Let po1,po2, p1,p2, - -.,Pm be subjectively chosen positive constants repre-
senting the admissible tolerance values associated with the objective func-
tion and m linear constraints of primal problem. Similarly, suppose that
qo1, 902591, 92, - - - , @n are subjectively chosen positive constants representing
the admissible tolerance values associated with objective function and n lin-
ear constraints of dual problem. Then taking the membership function in
Zimmermann sense, the following pair of crisp linear programming problems
is obtained for the fuzzy pair (1) and (2):
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max \
subject to,

N o< 1 Znzcz
- po1
N < 1_Zmoclz
- po2
Az — b
A S 1_M7 i:172a My
pi
A<
(3) > 0, A>0,
and
min (—n)
subject to,
3T
< 1+U01 bu’
qo1
3T
n < 1+U02 bu,
q02
A-Tu—cj
n < 1+J77 j:172a"'ana
qj
n < 1
(4) u > 0, n>0.

Here A;(respectivelyA;) denotes the i row (respectively j** column) of A.
Modified weak duality theorem: [2] Let (z,A) be feasible solution for
(3) and (u,n) be feasible solution for (4), then (A — 1)pTu+ (n — 1)¢7z <
(bTU - CTZ)7 where pT = (plap23 s 7pm) and qT = (qla q2s .- Qn)
Obviously modified weak duality theorem reduces to standard crisp weak
duality theorem for A =n = 1.

Theorem 2.1. [8] Let (z,\) be the feasible solution for non-linear primal
(3) and (u,n) be the feasible solution for non-linear dual (4), then

(A=1)(po1+po2) +(n—1) (o1 +q02) < 2(c" 2—b"w)+[(Uo1+Uo2) — (Zo1+ Zo2)]

3. SOLUTION CONCEPTS FOR TwWO PERSON ZERO-SUM MATRIX GAME
WITH Fuzzy GOALS

For a given two person zero-sum matrix game G = (5™, S™, A), the opti-
mization problems for players I and II can be constructed as follows:
max v
subject to,

m
Zaijmi
=1

m
Z.’Ei = 1,
i=1

(5) x

Vv
<
—
<.
I
\.D—‘
N
S
~

%
L
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and
min w
subject to,
n
Z @;5Yj S w, (7' = ]-7 25 am)v
j=1
n
dovio= L
j=1
(6) y > 0
respectively.

Model (5) and (6) are primal-dual linear programming problems and their
optimal solutions give the optimal strategy for Player I and II respectively,
see [9].
For a fuzzy matrix game F'G and its solution as defined in definition 2.2,
the fuzzified versions of model (5) and (6) can be expressed as the following
fuzzy linear programming problems for Player I and II respectively:

Find z € R™ such that

m
Zazjxi Zpo Vo, (1=1,2,...,n),
=1

Z g = 1,
i=1
(7) z > 0,

and
Find y € R" such that

n
Zal]yj Sqo Wo, (Z: 1,2,...,777,),
j=1

n
Y= L
j=1

(8) y > 0.

Let for j = 1,2,...,m; A; denote the 4" column of matrix A. Then the

4% constraint of model (7) can be written as Asz >po V0. Similarly the it
constraint of model (8) can be written as A;y Sq, wo for i =1,2,...,m.

Now, the membership function ujl- (A]Tx)(j = 1,2,...,n), that indicates
the degree to which z satisfies the fuzzy constraint A?x Zpo Vo, is defined
as following:

1 ,A?x > g,
AT
9) ﬂf(Aij) = R , (vo—po) < Afx < v,

Po T
0 ; Ajx < (vo — po)-




632

S. Kumar

We will now approximate each uf(A?x)(] =1,2,...,n), by two linear seg-
ments and define the membership functions j (A]Tx), ,uéj(A?a:) correspond-
ing to each segment as given:

1 ,Afm 2 Vo1,

(10)  py(ATe) = o 7

p\A; ) = 1-— o1 a(UOI—p01)§A]’I<U01’

0 , otherwise,

and
1 ,Afm > V02,

[ (AT —A7

(A0 A = § 1= — o) < AT < o,

0 , otherwise,

where po1 + po2 > po and vg1 < vo2 = vp.
Thus, we have the crisp formulation of the fuzzy linear programming (7) as:

max A\
subject to,
\ o1 - A]Tas
- po1
voo — ATz
)‘ S - 02 J ) (]=1’27 7n)a
Po2
m
dom o= 1,
i=1
< 1,
(12) > 0, A>0.

Further, the fuzzy constraints of above crisp linear programming are:

m

(13) D aimi Zp vor,
i=1
m
(14) Zaijzi ZPUQ '0027 (j = 1,2,...,71),
i=1
m
i=1
(16) x > 0.
In a similar manner, the membership functions ,uz-”(Aiy)(i =1,2,...,m),

which define the degree to which y satisfies the constraint A;y Sq wo, is
approximated by following membership functions:

1, Ay < wor,
(17) i (Ay) = 1— Awwor g0, < Ay < wor + qor,

q01
0, otherwise,



To solve matrix games with fuzzy goals using piecewise linear membership function 633

and
15 Azy S wWo2,

(18) psi (Awy) = 1— Atz gy < Ay < woz + oz,
0, otherwise,

where go1 + go2 > qo and wo1 > w2 = wyo.
The crisp formulation of (8) as:

max 7
subject to,
y o< 1- Aiy_UJOl’
qo1
Ay —
o< 1= TYR G 9n),
q02
m
dovi o= L
Jj=1
n < 1
(19) y > 0,7>0.
The fuzzy constraints of above crisp linear programming are:
n
(20) D aiyi Saw wor,
j=1
n
(21) Zal]y] Sqoz wo2, (Z = 172a"'7m)1
j=1
n
j=1
(23) y > 0.

We now define the generalized model of two person zero-sum matrix game
with fuzzy goals, denoted by GF'G, as following;:

GFG = (8™,8", A, vo1,v02, 2, Pot, Po2, Wot, Wo2, S, qot, q02)

We are assuming here that vge = vg and wp2 = wy are the aspiration levels
for Player I and Player II respectively.

Definition 3.1. (Solution of GFG): A point (z*,y*) € S™ x S™ is called a
solution of the generalized fuzzy matriz game GFG if
(i) ()T Ay Zpo, vor,
()T Ay Zpos vo2, for ally € S™,
and
(ii) xTAy* Sqm Wo1,
2T Ay* <y wo2, for all x € S™.

Further this solution of GF'G is equivalent to solution of crisp linear pro-
gramming problems (12) and (19) for Players I and II respectively, and that
if (z*,\*) is an optimal solution of problem (12), then x* is optimal strat-
egy for Player I and \* is the degree to which the actual aspiration level
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vo(= vp2) of Player I can be achieved by selecting to play the strategy z*.
Similar interpretation can also be given to an optimal solution (y*,n*) of
problem (19). Thus, as in classical game theory, we have following theorem
in fuzzy environment.

Theorem 3.1. The pair (12) and (19) constitutes a fuzzy primal-dual pair
in the sense of modified weak duality theorem.

Proof. The proof follows by noting that model (19) can be written as,

—min (—n)
subject to,
N < 1 _ Ay —wor
- g1
Ay —
77 = 1_%7 ( _1723 7”)7
m
douo= 1L,
j=1
n < 1
(24) y > 0,n>0.

4. NUMERICAL EXAMPLE

Consider a two person zero-sum crisp matrix game G whose payoff matrix

Ais
1 3
= (13)

The solution of the game G is (z*,y*,v*) where z* = (0.67,0.33)7, y* =
(0.50,0.50)" and v* = 2.
Here we choose the aspiration levels as vg = 2.50, wg = 3,pg = 1, go = 0.50.
Solution of this fuzzy game F'G as obtained in [5] is:
Optimal solution for Player I: (z* = (0.67,0.33)”, \* = 0.50) and,
Optimal solution for Player II: (y* = (0.75,0.25)7, n* = 1).
Now for the solution of this game by GF'G, taking vg; = 2,vp2 = 2.50 with
po1 = 0.50, pg2 = 2 for Player 1. Then crisp equivalent of (12) becomes

max A
subject to,
—05 A+ 21 +422 > 1.5,
=2\ 421 +422 > 0.5,
—0.5A+321 > 1.5,
—2X+3z1 > 0.5,
A< 1,
T+ = 1,
(25) A x,x9 > 0.

Taking wo; = 3.25, w2 = 3 with gp1 = 0.25 and gg2 = 1 for Player II.
Then crisp equivalent of (19) becomes
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max 7
subject to,
n+uy1+3y2 < 4,
0.250+y1 +3y2 < 3.50,
n+4yr < 4,
0.25n+4y1 < 3.50,
n < 1
nty = 1,
(26) ny1y2 > 0

The optimal solutions of linear programming problems (25) and (26) by
proposed approach of GF'G are
Optimal solution for Player I: (z* = (0.67,0.33)7, \* = 0.75) and,
Optimal solution for Player II: (y* = (0.75,0.25)7, n* = 1).
It is observed that the degree of attainment of fuzzy goal in GFG is better
than that of [5] for the Player I, while for other player it is same.

CONCLUSIONS

In this paper, a two person zero-sum matrix game with fuzzy goals is
studied using piecewise linear membership functions. The proposed method
is a generalization of the linear membership function approach used in [5]
to solve a matrix game with fuzzy goals. The present methodology is tested
on a numerical example. In this example, the optimal solution result 0.75 as
the degree of attainment of fuzzy goal by Player I as against 0.50 obtained
by using [5]. However results for Player II are same in both the models.
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