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SELF-DUAL CODES OVER THE RING
Fom + ulFom + vFom + uvlFom

ANKUR

ABSTRACT. We discuss self-dual codes over the ring R = Faom + ulFam +
vFam + uvFam, u? = 0,02 = 0,uv = vu. We consider definition of trace
function and self-dual basis over the field Fam. We consider the Gray
map and self-orthogonal basis to discuss some theoretical properties of
self-dual and Type II codes over the ring R. Also we see how Lee weight
and trace are related over the ring R for a self-dual basis.
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1. INTRODUCTION

Self-dual codes and Type II codes have been extensively studied from
the long period of time by the various researchers. In [3], Bonnecaze and
Udaya discussed the cyclic codes over the ring Fy + ulFy with u? = 0. They
also discussed the self-dual codes over the ring as the Conway and Sloane
discussed the self-dual codes of odd length over the ring of integers modulo
4. In [11], MacWilliams et al. studied self-dual codes over the ring GF(4),
they defined the weight enumerators and found the upper bound on the
minimum distance and used the generator matrix to discuss the self-dual
codes. Dougherty et al. [5] considered the ring Fy + uFy with u? = 0 and
discussed the Type II property of the codes over the ring. They also defined
the Lee weight of the elements of the ring as:

wr(0) =0,wp(1) =1 =wr(1+u), wr(u) =2.

Also they defined the generator matrix over the ring and classified all the
self-dual codes of lengths upto 8 over the ring Fa + ulF3. codes over the ring
have been studied by many researchers (we refer to [1, 2, 4, 6, 7, 8, 9, 13, 15]
for the detailed description)

San Ling and Patrick Sole [10] considered the ring Fy + uF; with u? =0
and discussed the Type II code by defining a Gray map. They developed
the various commutative relations over the rings and constructed a lattice
to describe Type II property of the unimodular lattice. Betsumiya et al.
[2] considered the ring Fom + uFom with «? = 0 and defined a Gray map
to discuss Type II property of self-dual codes. They also defined the mass
formula for the self-dual codes over the given ring by defining the generator
matrix and also gave the classification of self-dual codes over the given ring.
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We use the motivation from [2] to extend the ring Fam + ulFom to R =
Fom + uFgm + vFom + uvFom with v? = v? = 0, uv = vu and define a Gray
map over the ring R to discuss self-dual and Type II property over the ring
R. Also we use the concept of trace orthogonal basis to describe the Type
II property and Lee weight of the self-dual codes over the ring R.

2. PRELIMINARIES

We consider the ring R = Fom +ulFom +vFom +uvFom, with u? = 0, =0
and uv = vu. We define trace of an element 3 € Fym over F, as:

m—1

T, z,(B) = Y B
i=0

Also we define a trace orthogonal basis A = {f1, B2, ..., Bm} of Fgm over I,
as:

We say a trace orthogonal basis self-dual or self-complimentary basis if
Trqu/Fq([)’iQ) =1fori=1,2,...,m. Let A= {B1,532,...,5m} be a trace
orthogonal basis of Fom over o, then A can be visualized as a self-dual basis.
We define the Lee weight of a vector v € Fom with respect to the basis A to

be the sum of the Lee weights of its components.
n

We define Euclidean inner product on the ring R by ¢-d = Y. ¢d;, V
i=1
¢ = (c1,c2,...,¢) and d = (d1,ds,...,dy) ¢,d € R. A code C over R is
defined as a sub-module of R". We define a dual code of C as C+ = {d €
R|c-d=0,Yce C}. If C =C*. Then C is called self-dual. We call
a self-dual code to be Type II code with respect to the basis A if the Lee
weight of every code word in C is divisible by 4. Definition of Type II code
may be independent of the choice of trace orthogonal basis.
We define a Gray map
Ym : R — T,
a+ub+ve+uwvd— (a+b+c+d,c+d,b+d,d)
where a,b,¢,d € F4,. The map ¢, is a linear isometry from (R", Lee
distance) to (F4%, Lee distance).
We define the Lee distance between two code words a and b to be the Lee
weight of @ — b. If m can be factorized as m = rst, we choose bases for the
tower of finite fields Fo C Fot C For C Fom. Before doing this we consider
the more general situation. Consider the tower Fy C Fyt C Fgre C Fgrst and
let Ay = {f1,02,...,0s}, Aa = {a1,a2,...,a,} and A3 = {y1,72,...,%} be
trace orthogonal basis for Fyrst /Fyre, Fori /Fyr and Fgi /Fy, respectively. In
general it does not follow that A = {a; B |1 <i<r,1<j<s, 1<k <t}
is a trace orthogonal basis for Fyrs: /.
We define a Gray map ¢ : F5,, — (Fy)™",

alﬁl + (1/262 +...+ a’mﬂm = ((11,(1,2, e ,(lm),
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where a1, a2, ...,an € Fy. The Gray map ¢ is an isometry.
Let (Ry), denote the commutative ring Fom + uFom with u? = 0, we define
the Gray map

bm : (R, — Fa,

a+ ub— (b,a+b)
where a,b € F5n. The map ¢, is an Fom-linear isometry. We can now
extend the map ¢ to the Gray map ¢ : (Fam + uFam)™ — (Fa 4+ ulF2)™",

a1+ azfe + ...+ amfBm = (a1,a2,. .., an)
where a1, as, ..., anp € (Fa+uF3)". The Gray map ¢’ is an (Fy + ulFs)-linear
isometry from ((Fam+uFam )", Lee distance) to ((Fo+ulF2)™", Lee distance).
We can now extend the Gray map ¢’ to the Gray map
@ i (Fam + uFgm + vFom + uvlFam)™ — (Fy + uFy + vFy + uvFy)™",

arfr+azfz + ...+ amfm = (a1,a2, -+ am),
where a1, az,...,a, € (Fo + uFy + vFq + uvlF3)”. The Gray map ¢” is
an (Fg + uFy + vFy + uvlFy)-linear isometry from ((Fom + ulFom + vFom +
uvFam )™ Lee distance) to (((Fg + uFg + vFy + uvlFy))™", Lee distance).

Proposition 2.1. Let A, A1, Ay and As be the bases defined above. A is a
trace orthogonal basis, if the trace orthogonal bases A1, As and As are such
that T?"qut/ﬂ?q” (B2) is a non-zero element of F, for every i =1,2,...,s. In

particular, if A1, A2 and As are self-dual, then A is self-dual.

Proof. We need to show that Tr]pqm /7, (@iBjyre Byy) is non-zero if and
onlyifi=14,j=j5 and k = k.
If Trqu e/ ot (B8iB;) is a non-zero element of F, for i = j, we have

Tre o pr, (iBiyke Bive) = Tre o, (T8 0 p8 (T8 8 o (i Bt By vi)))
=Trg ,./r, (Ve Trp JF gt (o )T'r F ot /F yrt (BiBjr)
=Tre, /8, (W )T7E 0 /8, (i) Tg /8, (BiB5)

- { Trw i 5,0 (BT e v (i) T, i, ()i 5 = 5 }

0 i i
[ 40 ifj=ji=dandk =k
10 otherwise.

If Ay, Ao and As are self-dual bases, then

1 if j =7,
TT]Fq”"/]Fq” (ﬁj/}j/) - { 0 if ] 7é jl.

1 ifi=4,
Try /e, (i) :{ 0 ifi£i. }
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and

1 ifk=F,
1, e (W) = { 0 ifk#K. }

Thus we get
1 ifi=i,j=j and k =F
Trg o /7, (iR By ) = { 0 otherwise,

This shows A is self-dual. O

Now we choose self-dual bases A1 = {f1,82,...,0s} of Fam over Fom,
Ay ={a1,9,...,a,} of Fore over Fyr and As = {v1,72,..., 7} of Far over
Fs.

We now thus define the intermediate Gray maps as follows:

wr]n : grn — ]F‘;Z}tq

a161 +axfs + ...+ asfs = (a1, a2, ..., a;)

for a1, as,...,as € Fi.,.
Iy — Fo,
ara1 + agee + ...+ aray > (a1, a2, ..., ar)
for ar,as....,a, € F}, and

O Fp — By,

aryi +agy2 + ... Fay > (a1, a2, ap)
for a1, az,...,a; € F3. These maps have the following natural extensions:

I 2 (Fym + uFam + vFam + uvFam )™ = (Fare 4+ uFor + vFort + uvFore )™,

alﬁl + 0,2,62 +...+ asﬁs = (ala ag, ... 7a5)a
where aq,as,...,as € (an + ulFore + vFore + UUIFQrt)n

,Ir{/ : (Fort 4+ ulFgre + vFore + uvFort )™ — (For + ulFgt + vFot + uvFat)™,

ara1 + agas + ...+ apap = (a1, a2, ..., a;),
where a1, az, ...,a, € (Fot + ulFor + vFot + uvFye)™ and

1/)“1/ 2 (Fot + uFgt + vFgt + uvFor)” — (Fo + ulFs + vlFy + 'LL'U]FQ)L",

m

a1y1 +a2va + ...+ arye — (a1, a2, ..., at),

where a1, ag,...,a; € (Fy + ulF2 + vFa + uvFa)™.

By the proposition proved above, self-dual bases A1, Ay and As also gives
us a self-dual basis A = {ifm | 1 < i <rl1 < j<s1 <k <t}
of Fom over Fy with the corresponding Gray maps ¢ : Fg, — F5" and
¢" i (Fam + uFam + vFom + wvlFom)™ — (Fo + uFo + vFa + uvFa)™". We
get ¢ = T o pIl o I and ¢ = I o I o 41’ by choosing a suitable
ordering of the basis elements ;3. Also for the Gray map to preserve
the self-dual property of a code it is necessary to choose the self-dual basis.
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3. SELF-DUAL CODES OVER THE RING

In this section we use Gray map to study Type II codes over the ring
Fom + ulFgm 4 vFom + uvlFom and discuss some theoretical aspects of codes
over the ring.

Proposition 3.1. Let C be a length n code over the ring R. If C is self-
orthogonal, so will be ¥, (C). A code C is of Type II over the ring R iff
Vi (C) is a Type 11 code over Fam. Also min{wty(C)}= min{wty(¢Ym(C))}.

Proof. Let x = a1 + ub; + vey + wvdy and y = ag + ubs + vea + uvdz be two
codewords in C, where a1, by, ¢1,d1, az, ba, co,ds € Fom. Then the Euclidean
inner product of x and y is

z -y = (a1 + uby + ver + uvdy) - (ag + ubz + vea + uvds)
= ai-ag+u(ai-ba+b1-az)+v(ar-catci-az)+uv(ar-de+di-az+bi-catci-b2)
since C' is self-orthogonal, so a1 -as = a1 - by +b1-a2 = a1 -ca+c¢1-a2 =
ar-do+di-a2+br-cotc1-ba=0.
Now we have 1/Jm(.”13) . 7/’m(,7/) = (a1 +b1+c1+di, e +dy, by +dy, dl) . ((1,2 +
by + 2 + da, ca + da, by + da, d2)
=ai-as+ay-bo+bi-astai-co+ci-as+ay-do+di-as+br-ca+ci-by=0.
Thus ¢, (C) is self-orthogonal over Fom.
Since the map v, is an isometry, so image of a Type II code under ¢, is
again a Type II code over Fom and hence the minimum of the Lee weight of
C' is same as minimum of the Lee weight of ,,(C). O

Proposition 3.2. Let m = rst, and !, the Gray map corresponding to a

self-dual basis A = {01, B2, -+, Bs} of Fam over Fore. Let C be a code of
length n over Fam. If C is self-orthogonal, so will be ! (C). Image of a
Type II code C is again a Type II code under the map )}, over Fom. Also
min {wtr,(C)} = min {wty (Yl (C))}.

S S
Proof. Let x = > a;3; and y = Y a,8; be codewords in C, where a;,a} €

i=1 i=1
F2... If C is self-orthogonal, then z - y = Z(ai -ai)BiBj = 0.

0.

Taking the trace over Fort, we get

0 = Trrym /F,. (2o(ai - ) BiBj) = 22 TTrym /1y, (i - @) Bi5)
7

1,7
=>_(ai - a})Trrym v, (BiB;)
ij

éince A is self-dual basis and

1 if i =,
s e (BifS) :{ 0 it 47 }

Gives us Z a; - a;- =0

i=j
This implies that ., (z) - ¢} (y) = 0. Hence ! (C) is self-orthogonal.
Also image of a Type II code is Type II code under ¢! and minimum Lee
weight of C' coincides with the minimum Lee weight of ¢! (C), because of
¥l being an isometry. g
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Proposition 3.3. Let m = rst, and 1/;{,; the Gray map from Fom + ulFom +
vFom + uvFom to Fort + ulFgrt + vFort + uvFore corresponding to the self-dual
basis A = {B1,P2, - ,Bs} of Fam over Fore. Let C' be a length n code over
Fom + ulFom + vFom + wvlFom. If C is self-orthogonal, so will be 1/1,17;(0), A
code C' is of Type II over Fom +uFym +vFom +uvFom if and only if Y1 (C) is
a Type II code over Fort + ulFgrt + vFort + uvFore. The minimum Lee weight
of C is equal to the minimum Lee weight of 1/),{,;(0),

S

S
Proof. Let x = 3" a;8; and y = Y a;83; be two codewords in C and write
i=1 i=1
a; = aj1 +ubi1 +vei Huvdy and af = agp+ubip +veip+uvd;s be the elements
of Fort + ulFgrt + vFort + wvFore, where a;1, bi1, ¢i1, di1, a2, bio, cio, dio € Fore.
The inner product of z and y is
voy=Y (an-ap)Bifi+uy (ai-bjo+ba - a2)Bip;
i,J i,J
+v Z(ail “cja T+ e ag2)BiB; + ww Z((m “djo + di1 - ajo + bin - ¢jo
i,J i,J
+ cin - bj2)BiB;
We define a function f : Fom +ulFom +vFom +uvFom — Fore +ulFgre +vFore +
uvFore by
fla+ub+ve+uvd) = Trg,, [Pyt (a) + uTrp,, /7

’LL’UT‘I']FQW/FQM (d),
we then have

(b) + VUT/"]FQm/]F (C) +

ort ort

fla-y) = (ain - aj2)Tri, v, (BiB)+

i,J
m Z(a’il ~bjo +bi1 - ajz)T"‘[FQm/JFW (BiB;)
i,
+v Z(an “¢j2 + it - a2) gy v, (BiB)
i,j
+uv Z((Lﬂ “djo + div - aja + bir - 2 + it - bj2) Trpym ., (BiB5)-
Since ’
Tr 5,0 (BiB) = { (1) g f ; ji’ }
Therefore
fa4) = Yoo o) + 3 o -ba + b ) + v e i+ ca - )
i=1 i=1 i=1

S
+uv Y (ai - dig + din - @iz + by - i + cin - bin)
i=1

= (ai-a}) = vl (x) - vh(y).
=1
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Thus if z -y = 0, then I/J,I,;(JI) %Z)rlr;(y) =0.

Since the map z/)m is an isometry, hence the last two assertions hold. O

Proposition 3.4. If C is a self-dual code over Fom + uFaom + vFom + uvFom
then C contains the all uwv-vector.

Proof. A self-orthogonal vector  must have an even number of units, be-
cause for a unit a and a non-unit b, a®> = 1 and b> = 0 in the ring R. Also
uv-a = uv and uv - b = 0 in R. This implies that x is orthogonal to the
all uv-vector, and since C is self-dual, this gives that C' contains the all
uv-vector. (I

Corollary 3.5. Self-dual codes over the ring R of all lengths n ezist.

Corollary 3.6. The minimum Lee weight of a self-dual (Fom + uFom +
vFam + wvFam)-code C' of length n does not exceed 4n.

Proof. Let A = {f1, B2, ..., Bm} be aself-dual basis of Fom over Fa. Since the
map 1 preserves weight, wtf (Biuv) = wtf (3;)+wt{ () +wt (8;) +wt (Bi),
for i = 1,2,...,m. Hence element j;(uv,uv,...,uv) € C has Lee weight
4n. (|

Let m = rst(m >r >t > 1). We define the automorphism p, on IF4Tt as
follows:
A vector z = (21,22, . .., Tasy) € F3il', can be written as x = (X1, Xo, ..., X4s)
where X; = (Z(i_1)n41, T(i—1)n42s - - > Tin) for i = 1,2,... 5. Let p(x) :=
(X1, Xot1, Xost1, X3s41, X2, - - -, X, Xos, X35, Xus)-

Proposition 3.7. There is a commutative diagram:

T
(Fgm + ulFom + vFom + U’U]FQm)n &) (Fgrt + ulFore + vFore + uU]FQrt)sn

T/Jml lﬂ?‘ oy

F4n 11)7{,1, Fsn
m ort

Pmof Let {Bl,ﬁg, ..., Bs} be a self-dual basis of Fom over For:. If 2 =
Z a;fi + Z b; Biu + Z ciBiv+ Z d;Biuv € (Fam + uFgm + vFom + uvFam )™,

=1 i=1 i=
where a;, b;, ¢;, d; € IFQM, we have
wmodfm(l’):(al+b1+C1+d1,01+d1,b1+d1-,d1,»--7as+bs+cs+d57
cs + ds, bs + ds; de) € ]Fg??
and
Odjrlr;(w):(al_’_bl""_cl +di,...,a5 +bs+cs+dg,c1 +d, ... cs + d,
b1+d1,...,b5+ds,d1,d2,...,ds).
Therefore
fir 0 Pr 0l = (a1 + by + 1 +di,er +di, by +diydis .. as + by + o+ d,
Cs+dsybs+d55ds)~
Thus

i 0 P 0l = Pl o Py ().
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U
Lemma 3.8. Let A = {B1,52,...,8m} be a self-dual basis of Fom over Fa.
Then wt(B; 3" :B;) = xj (mod 2)

=

Proof. Any y € Fom can be represented as,

(1) y=Tr(b1y)B1 +Tr(B2y)fB2+ ...+ Tr(Bmy)Bm.-
Since Tr(B) = Tr(B?) for every 8 € Fam, it follows that Tr(3;) = 1 for

m

i=1,2,...,m. Put y =1 in equation (1) we get Y 3; = 1. Since the trace
i=1

function is linear and from (1) we have

wt(y) = Tr(Bry) + Tr(Boy) + - .. + Tr(Bmy) (mod 2)

=Tr((f1+ B2+ ...+ Bm)y)(mod 2)
= Tr(y)(mod 2)

Since T'r(B;(3_ zi;)) = x; and wt (y) = Tr(y).
This gives us wt{(3; i z;f3;) = x; (mod 2). O
i=1

4. CONCLUSION

We have discussed about the ring Fom + ulFom + vFom + uwvFaom and de-
fined the trace function over the field Fam and discuss the concept of trace
orthogonal basis and self-dual basis by using the Gray map to visualize some
properties of the self-dual codes over the ring R. Also we discuss self-duality
and Type II property of codes over the ring R and commutative property
of the Gray maps over the different rings. Since the form of the generator
matrix over the ring R in the standard form can not be found, so computing
the mass formula in general will not be an easy problem to solve. We also
discussed the relation of Lee weight and trace function over the ring R for
a self-dual basis A.
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