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ON CENTRAL FUBINI POLYNOMIALS ASSOCIATED WITH
CENTRAL FACTORIAL NUMBERS OF THE SECOND KIND

DAE SAN KIM, JONGKYUM KWON, DMITRY V. DOLGY, AND TAEKYUN KIM

ABSTRACT. In this paper, we introduce central Fubini polynomials in as-
sociation with the central factorial numbers of the second kind and de-
rive some properties of them by means of generating functions and p-adic
fermionic integrals on Zjp. In addition, we obtain some results relating cen-
tral factorial numbers of the second kind and Euler numbers of the second
kind.

1. Introduction and preliminaries

Let p be a fixed prime number with p = 1(mod 2). Throughout this paper,
Zyp, Qp and C,, will denote the ring of p-adic integers, the field of p-adic rational
numbers and the completion of the algebraic closure of Q,, respectively. It is
well known that Fubini polynomials are defined by the generating function as

1 - tr
m = ;Fn($)m, (See [57678,107 14]) (11)

When z =1, F,(1) are called ordered Bell numbers.
The Stirling numbers of the second kind are given by

L
e — 1) 252 (n, k -, (see [9,11,12,15,16,18]). (1.2)

where k € NU {0}.
From (1.1), we note that

Z Fn(x)g = Zxkk! Z Sg(n,k)tn;:
n=0 = =
= Z (Zk'SQ n,k)e )tn_n,

n=0 k=0

(1.3)
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Thus, by (1.3), we get
z) =Y k!Sa(n,k)z*, (n > 0), (see [6,8,10,14,20]). (1.4)

For n > 0, the central factorial numbers of the second kind are defined by

n

=> T(n. k)™, (n>0), (see[l-4,7,17,19 - 21]), (1.5)
k=0

where 2 = z(z + & — 1)z + £ -2). .- (z — & +1).

From (1.5), we note that the generating function of the central factorial numbers
of the second kind is given by

1 t

—(e% — e 2) ZTnk , (k> 0). (1.6)

By (1.6), we easily get

T(n,k) = 1Xk: K ( 1)i(k )", (n,k > 0) (1.7)
ke 2 e '
As is well known, the Euler polynomials are given by
2 . e t"
= E — 12]). 1.
¢ = 2 By e 12) (18)

When z =0, E,, = E,(0) are called Euler numbers.
Whereas the Euler numbers of the second kind are defined by

2 N
sech t = e Z%Enﬁ, (see [12]). (1.9)

Thus, by (1.8) and (1.9), we easily get E} = 2"E, (1), (n > 0).
Let f be a continuous function on Z,. Then the fermionic p-adic integral on Z,
of f is defined by Kim as

f):/Z f(@)dp—1(z) = hm Z fx)(—1)", (see [12]). (1.10)

From (1.10), we have the following integral equation.

I_1(f1) +1-1(f) = 2£(0), (see [12]), (1.11)
where fi(xz) = f(x + 1) is the translation of f by +1.
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In [14], the Fubini polynomial is represented by the fermionic p-adic integral on
Z,, as follows:

/Zp(w(l e dp(y) = ﬁ _ QT;)FH(Q:)%. (1.12)

In this paper, we introduce central Fubini polynomials in association with
the central factorial numbers of the second kind and derive some properties of
them by means of generating functions and p-adic fermionic integrals on Z,. In
addition, we obtain some results relating central factorial numbers of the second
kind and Euler numbers of the second kind.

2. Central Fubini polynomials

The equation (1.4) suggests us to define the central Fubini polynomials as

F) (x Zle n,k)z*, (n > 0). (2.1)
From (2.1), we can derive the following generating function of F7EC)(x), (n>0)
e} o0
ZF(C)( :Z(Zxkk‘Tnk> Zxkk'ZTnk
n=0 n=0
- . (2.2)
.
P 1—x(ez —e2)
By (2.2), we get
1 - t
- N RO, 2.3
1—xz(ez —e™2) nz:% n )n! (2:3)

In (2.3), we note that
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By comparing the coefficients on both sides of (2.4), we get

ZZ( )k' — )" Sy (6, Ky, (n > 0).

k=0 i=k
From (1.1), we have

t" 1 1
ZF”@)E_ 1—z(et —1) S(es — e~ 3

1—zez(ez —e™2)

_ Zwkk‘ Z (i (’Z)T(LM(S)””)%

n=k “i=k

Comparing the coefficients on both sides of (2.6), we obtain

ZZ ( ) )" (i, k)2, (n > 0).

k=0 i=k
By (1.9), we get

2 2
Z E =secht = —— = - -
o +e 2 (ez —e 2)2
1 N N ¢
= 3 3 = (__)k(e§ - 6_2)2k
e e
= i(—l)k(zk)v f: T(n Qk)ﬁ
= , '
k=0 n=2k
o0 n 1 n
-3 (Lt enmem)
n=0 k=0 n!

By comparing the coefficients on both sides of (2.8), we get

n (3]

Er = Z(—%)k(Qk)!T(n,Qk) = Z(—%)k(%)!T(n, 2k), (n > 0).

k=0 k=0
From (1.11), we can derive the following equation (2.10):

/ (a(e™ — eb))Vdu_r(y) = 2
Jz,

1—:1:(62—6 5)

722F(C

n=0

(2.5)

(2.6)

(2.9)

(2.10)
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On the other hand,

| @t

Y

+

—eB))du_ / (e — e 2))du_1(y)

/ a(em %) —em3))Wdu 1 (y) (2.11)
00 tn

— Z )H~

Therefore, by (2.10) and (2.11), we get

(NEs

Fi9(@) = (-1)"E (~x), (n > 0).

From (1.11), we can derive the following equation (2.12).

[ Gt —ehyrtaua + [ et -y =2 (212)
JI

P ZP

By (2.12), we easily get

+ N —— = 2. (2.13)

Thus, from (2.13), we have

00 k m e n
S (-G EY FO@E 3 FOw

l==2z

k=0 m=0 n=0
_ o0 n n (@) ( ,1 n—m _ 1 nf'm) (©) }ﬁ
_;){xT;) (m)Fm (37) ( 2) (2) + £, (.’E) o (2.14)

)

1.,._, 1. tn

= Z{ — X Z ( ) m <(§)7l m.o__ (_§)n 771)}5.

n=0 m=0

Comparing the coefficients on both sides of (2.14), we have

9w -2 Y (M)EO@ G- 5 = {3 MCEY)

m=0

For n € N, by (2.40), we get

—wZ( )F<°‘> ((%)”%—(—%)’l-m). (2.16)
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Thus, for n € N, we have
“ /n 1 1
F(C) — F(C) \n—m _ (__~\n—m
) xmzz(m) O (G- (-3)

s (,’;) FLO) (@) ((%)"-m - <—§>n-m) +anF 9 ()

m=0

By (2.17), we get

FO@) —a2nF 9 (z) = « Z ( )F(C) ((%)nm _ (_%)nm)

m=0

where n € N with n > 2.
Making use of (2.34) in [13], we observe that

i _t t _t
/ sinhzt dy_1(x) = —ef ¢ j S :
JZ, ez +e 2 2cosh 5
1 & eSS 1t
- _§ZT(Z’1)Z_I Z om mﬁ
=0 m=0
1 S n . 1 "
n=0 “m=0

On the other hand,

/ sinhzt dp_1(z) = i ﬂth—l
Zp 2” — ].)' )

n=1
Therefore, by (2.19) and (2.20), we get

2n—1

1. /2n—1

Z(?’"( " >E;T(2n—1—m,1) = —2F5,_1,(n >1),
m

m=0

and
2n

S g)m(i’j) E,T(2n—m,1) =0, (n > 0)).

m=0
Now, we observe that

oo

/Z (1—edp_y(z) = ﬁ = 2ZF”(1)tn_n!’

P n=0

where F), (1) are the ordered Bell numbers.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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It is not difficult to show that

1—(e2t—1): z 2; 22i6§t<€%_6_%>k
- i ! < i z": <1Z> T, Wgym %n‘ (2.24)
k
2

On the other hand,

e —QZk‘—'e—l =2

Therefore, by (2.24) and (2.25), we get

ZSMM' ii()k@zk k) i (n>0). (2.26)

(2.25)

T
N
M:
R
£
=
=
N——
S| %

k=0 i=k
and .
= klSa(n,k), (see (1.4)). (2.27)
In view of (2.27), we may define the central ordered Bell numbers as
E Z K\T(n, k), (n > 0). (2.28)
k=0

From (2.28), the generating function of central ordered Bell numbers is easily
seen to be

oo

(C) t'n/ 1

S EO1) = = —————. (2.29)
n=0 n! L - —€

Also, from (2.5) and (2.7), we note that

ZZ( ) )18, (i, k), (2.30)

k=0 i=k

ZZ( > YT, k). (2.31)

k=0 i=k

and

By (1.11), we get
/ (1—e"" du_y(2) —|—/ (1 — e du_y(z) = 2. (2.32)
z

Y ZP
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Thus, we have

2
= 2.
ey

u_ghfgﬁfn

Clearly, (2.33) is equivalent to

2 et
1—(et—1) 1—(et—1)

Now, (1.12) and (2.34), we obtain

" /n 1, ifn=0
2F, (1) — F1)=<{" ’
(1) Z(z) (1) {0, if n > 1.

=0

=1

For n € N, by (2.35), we get

Fa(l) :; (7)ﬂ<1>

From (1.11), we can derive the following equation.

/(e-%—e%>w+1du_1<x>+/ (7% —eb)edu_y(z) = 2
JZ, Zp

Thus, we have

/(e*%— 5 du_y (z) =
Jz,

By (2.37) and (2.38), we get

§3< -+§:< ) Ck1<(;yhm‘W%Y“m>>g

n=0 m=0

5 72§:FW)

1—(6 —e"2) —

Comparing the coefficients on both sides of (2.41), we have

o 3 () ( e ) - [

m=0
For n € N with n > 2, we have

n—2

=1

HOW - nb S0 = 3 (1) HOm (G - 5.

m=0

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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