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SOME IDENTITIES OF THE DEGENERATE CHANGHEE
NUMBERS OF SECOND KIND ARISING FROM DIFFERENTIAL
EQUATIONS

SE-KYO CHUNG!, GWAN-WOO JANG?2, JONGKYUM KWON®, AND JINHO LEE*

ABSTRACT. In this paper, we study the degenerate Changhee numbers of sec-
ond kind and derive a family of differential equations satisfied by the generating
function of these numbers. As an immediate application, we derive an identity
expressing the higher-order degenerate Changhee numbers of second kind in terms
of the degenerate Changhee numbers of second kind.

1. Introduction

As is well known, the Changhee polynomials are defined by the generating function
to be

2
t+2 (1+t)” ZCh —., (see [3,5]). (1.1)
When x = 0, Ch,, = Chy,(0),(n > 0), are called the Changhee numbers.

In [14], H.-I. Kwon et al. introduced the degenerate Changhee polynomials are
defined by the generating function to be

2

1
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When z = 0, Chy,, = Chy, 2(0), (n > 0), are called the degenerate Changhee num-
bers.

We recall the Stirling numbers of the first kind S1(n,m) are defined by
(log(1 + )™ = (m!) Z Si(n,m)—, (see [1,3,5)). (1.3)

In [3], G.-W. Jang et al. introduced the degenerate Changhee numbers of second
kind are defined by the generating function to be

2 = t"
=Y Chpr—. (1.4)
1+ (1+Alog(1+1))> 70 v
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From (1.4), we have
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where (z), \ = z(z — )\)(J; —2)\) -+ (z — (n—1)A).
By (1.5), we get
Chn)‘_'_ZZ( > l/\Sl(k Z)C’hn k)\—26n0 (16)
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For r € N, the higher-order degenerate changhee numbers of second kind are
defined by the generating function to be
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From (1.4), we have
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By (1.7) and (1.8), we get
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Recently, several researchers studied some identities of special polynomials aris-
ing from differential equations(see [2,4,6-13,15-17]). Also, G.-W. Jang et al. in-
troduced the degenerate Changhee numbers and polynomials of the second kind(see
[3]). They investigated some interesting identities of these numbers and polynomials.
In this paper, we investigate some explicit identities and properties of the degenerate
Changhee numbers of the second kind arising from the differential equations.

2. Some identities of degenerate Changhee numbers of second kind
arising from differential equations.

In this section, we investigate some identities on the degenerate Changhee num-
bers of second kind arising from differential equations.

Let
2
14 (14 Xog(1+1))>
Taking the derivatives of (2.1) with respect to ¢, we have
2 14 1
(-G
(1+ (14 Alog(1+6)7) (1+1)
1
1 1 —2(1+(1+>\log(1+t))A -1 (2.2)
— 1 2 N
1 1 1
= ~F?—F).
(1+1) (1+)\log(1+t))(2 )
Multiple 2(1 +t)(1 + Alog(1 +t)) on the both sides of (2.2), we get
F?—2F =2(1+t)(1 + Aog(1 +t)) FV. (2.3)
From (2.3), we have
2FFM = 2FW 4 2(1 4 Alog(1 +t)) FY 4+ 22FW)
+2(1+t)(1+ Aog(1 +¢)) F® 24)
= (2+20)FW +2(1 + Alog(1 + ) FV '
+2(1+t)(1+ Aog(1 +¢)) FP.
Multiple 2(1 + ¢)(1 + Alog(1 + t)) on the both sides of (2.4), we obtain
2F(F? —2F) = (4 +4\) (1 + ) (1 + Mog(1 + 1)) FV + 4(1 + t) 25)

x (14 Mog(1+1))°FO 4+ 4(1 + £)>(1 + Alog(1 + 1)) F®.

579



580 S-K Chung, G-W Jang, J. Kwon and J. Lee

From (2.3) and (2.5), we have

2F% = 4F% + (4 + 40 (1 +¢) (1 + Mog(1 + 1)) F + 4(1 + ¢)

)2FM +4(1 +)2(1+ Aog(1 + ) *F®)
(1 )(1 + Mog(1 + 1)) FM + 4(1 +¢)
)

By (2.6), we get

2(F3 — 2°F) = (12 +4X\) (1 + 1) (1 + Mog(1 + t)) FV + 4(1 + t)
x (14 Mog(1 +£))*FO + 4(1 4 )% (1 + Mog(1 + 1)) F®).

Continuing this process, we obtain

NIFN+H 9N p) = ZZ% )% (1 4 Alog(1 + 1))  F®.
k=1 j=k

Let us take the derivatives of (2.8) with respect to ¢, we have

N N
(N+D)IFNFD =3 "kag j(N)(1+6)F 1 (1 + Alog(1 + )’ F®)
k=

Multiple 2(1 +¢)(1 + Alog(1 +¢)) on the both sides of (2.9), we get
(N +DIFN(F? — 2F) = N12¥F1(1 4+ ) (1 + Alog(1 + t)) F(V)

+1
+ 33 " 2kay j(N)(1+ )" (1+ Mog(1 + 1))’ F®)
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N N
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j+1
+ZZ2a,€j )(L+ 6)FF (1 + Aog(1 + 1))’ FEFD,
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(2.6)

(2.8)

(2.10)
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From (2.8) and (2.10), we have

(N + D)IFNF2 = 2(N + )PV 4 N12VFH(1 4 1) (1 + Alog(1 +¢)) FD

N N
+ 373 2kan  (N)(1+1)F(1 + Alog(1 + 1)) F®

N N
+ 373" 20an (N) (1 + )" (1 + Alog(1 + 1))’ F®)
k=1 j=k

N N
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x (14 AMog(1 + ) F®) 4 N12N (1 4 ) (1 + Aog(1 + ) F

i+1
+ 3D 2kay j(N)(1+ )" (1 + Aog(1 +¢))’ ™ F®)
k=1 j=k

+ 30 2jhan(N)(1+ )" (1 + Alog(1 + 1))’ FW)
k=1 j=k

N N
i+1
+ 3D 205 5 (N) (1 + )R (1 4+ Aog(1 + )’ T FETD.

k=1 j=k
(2.11)
From (2.11), we have
(N + 1)!(FN+2 —2NFLE) = NI2NFH(L + 1) (1 + Aog(1 + ¢)) FO)
+ZZ (N 4 1) + 2\)ay,; (N)(1 +t)F
k=1 j=k
N N+1
x (1+Aog(1+ 1)) F® +3 ™ 3™ 2kay ;1 ( (2.12)
k=1 j=k+1
N+1N+1
x (L+ 051+ Alog(L+ 1) FB + 37 %2
k=2 j=k

X a1 1(N)(1+1)*(1+ Mog(1 + 1)) F*®)
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N
+3 { ((2(N +1) + 26N apk(N) + zak_l,k_l(N))
k=2

x (1+6)F(1+ Mog(1 + 1)) F®)
+ (2kay, N(N) + 2a 1 v (V) (1 +8)F(1+ Alog(1+ 1))V

x ) 4 Z ( (N +1) + 2\ ax; (N) + 2kag; 1(N)
j=k+1

- 2ak;1,j,1(N)) (L+6)%(1+ Aog(1 + t))jF(k)}.

By replacing N by N + 1 in (2.8), we have

N+1N+1
(N+DUFNF2 =2V ) = 33 " (N + 1)(1 + 1)
k=1 j=k
(

x (1+ Alog(1 + 1))’ F8)
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N
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Comparing the coefficients of (2.12) and (2.13), we have
a11(N 4+ 1) = N2V L 2(N 4+ 14 A)ag 1(N).

a1 N+1(N +1) = 2a1 y(N).
an+1,N+1(N +1) = 2an N (N).

ak’j(N + 1) = 2(N +1 —|—j)\)ak’j(N) + Qkak’j,l(N) + 2ak,1’j,1(N).

(2.17) holds for 2< k< Nand k+1<j < N.

From (2.3) and (2.8), we get

1 1
F2—2F =33 ap;(1)(1+ )" (1 4 Alog(1 + 1))’ F¥
k=1 j=k

=a11(1)(1+t)(1 + Aog(1 +¢))F)
=2(1+t)(1+ Alog(1+1t))F).
By (2.18), we get
a,1(1) = 2.
From (2.14), we have
a11(N +1) = N2V 1 2(N + 1+ N)ay 1(N)
= NR2VTL L o(N + 14+ M) (N = 1)12Y +2(N + )
x a11(N — 1))
= NN L (N - D)2V N 4+ 14+ 0) + 22 (N + 1+ \)2
x ap (N —1)

=NV (N — D)2V (N 1+ N+ 42
X (N+1+A)naa(1).

From (2.19) and (2.20), we get

a1 (N 4+ 1) = N2VFL (N — )12V YN 414 A)y 4 --- + 2N F!
X (N+14+X)n

N
= 2NN (N = DUN + 14 A
=0

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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From (2.15) and (2.19), we have

2N

a1 N+1(N +1) = 2a; y(N) = 22a1 v 1(N = 1) = --- = 2V a4 (1)

v (2.22)

Continuing this process, we get the following theorem.

Theorem 2.1. Let N € N, then the following differential equations

N N
NIFNTL 2N F) = 378 ap (N)(1 + )5 (1 + Mog(1 + 1)) F®),

k=1 j=k
have a solution for F(t) = 2 , where
1+ (1A log(14+)) *
N-1
a1 (N) =2 Y (N =1 - DI(N + ),
=0
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N—-j i 2 dj-1

a1,;(N) = Z Z Z ZQN(N-Fj)\)N_j_Z‘]

i1=04i3=0  i;_1=0 =0
X (=14 = DA +01)i—ip - (242N +45-2)i; 505,
X (ij_l — l)!(ij_l +1+ )\)l

aN’N(N) = 2N.

N—k s1 Sk—2 Sk—1

ahk(N) = Z Z Z Z 2N(N+k)\)]v_k_sl

s1=0 s2=0 Skp—1=0 =0
X (k=14 (k—=DA481)s1-50 (242X 4 Sk—2)sp_p—sx_1
X (Sk—l — l)'(sk_l + 1+ )‘)l

ak,]-(N) = 2(N +j)\)ak,j(N — 1) + 2kak’j,1(N — 1) + 2ak,1,j,1(N — ].)

N—k mq Mp—2
IREIED DD RS DIV
m1:0m2:0 mk_1:0

X (k — 1)™~m2 .. gmi-a—mi-1



Some identities of the degenerate Changhee numbers of second kind arising from differential equations

By (1.4),we have

FO = (%)kF(t)

- (%)kZC%g (2.23)

= ZChn—i-k A_

From (2.8) and (2.23), we have

N N
D> ar (N)A+ )" (1 + Alog(1 + £)) F®
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N N [e's) m 00
=S a (k) L (G log( ) F®
k=1 j=k m=0 11=0
N ]N 0 4m 1oo
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k=1 j=k m=0 11=0 lo=1l1
N N 0 m oo 2
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X (;}Chlﬁml ,)
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n\ (1 .
j ( <l )(;) (XN Sy (2, 10) (k)15
=1 j—k n=0 " I3=01s—01,—0 V37 \"2
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X Chp—tytk, ,\) ,

l (2.24)
o0 n J 2
=2 (ZZ IS ( ) ( )ak,j(N)(j)zl)\hSl(lmll)(@lsla
n=0 k=1 j=kl3=012=01;=0
tn
X Chp—ty+k, ,\) 5
Also, by (1.4), (1.7) and (2.8), we have
NI(FN+ 9N ) — N'(Z onl Z 2N Chy o)
(2.25)

tn
_ Z N (Chfﬁ“) . QNCh,L,A) _

n=0
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From (2.24) and (2.25), we get the following theorem.

Theorem 2.2. Let N € N, n € NU {0}, we have

(N41) _ oN R A A Vi
Chn)\ =2 Ch”v)\_'_ﬁzzzzz Is Iy ak,](N)(.])ll

" k=1 j=k 13=012=01;=0
x Al S1(lo, ll)(k)l3—lz Chn—igtks

where ay, j(N) are the same as the numbers mentioned in Theorem 2.1.
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