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ABSTRACT. In this paper, we investigate some families of Toeplitz-
Hessenberg determinants the entries of which are the Padovan numbers.
As a result of these studies, we obtain new identities with multinomial
coefficients for Padovan numbers.
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1. INTRODUCTION AND PRELIMINARIES

The Padovan (or Cordonnier) sequence {Pp}n>0 is the sequence of in-
tegers defined by the initial values Py = P; = P, = 1 and the recurrence
relation

(1) P, = 7l72+P’n733 n = 3.

The above definition is given by Stewart [16]. Other authors may start the
Padovan sequence at a different place, in which case some of the identities
in this paper must be corrected with appropriate offsets.

The first few values of P,, are

1,1,1,2,2,3,4,5,7,9,12,16,21, 28,37, 49, . .. (sequence A000931 in [17]).

Although the investigation of Padovan numbers started in the beginning
of 19th century, the main study was published in 2006 by Shannon et. al.
in [15].

The Padovan numbers and their generalizations have been studied by
some authors (see, for example, [1, 3, 4, 11, 14, 18, 19] for more details). For
example, Ballantine and Merca [1] proved that the nth Padovan number can
be expressed as a sum of multinomial coefficients over integer partitions of
n into odd parts. Yilmaz and Bozkurt [18] obtained some relations between
Padovan sequence and permanents of one type of Hessenberg matrix. Using
Hessenberg matrices, Cereceda [3] provided some determinantal representa-
tions of the Padovan numbers. Sahin [14] studied the associated polynomials
of Padovan numbers and gave some determinantal representations of these
polynomials. Yilmaz and Taskara [19] developed the matrix sequence that
represent Padovan numbers and examined their properties. Kaygisiz and
Sahin [11] calculated terms of associated polynomials of Padovan numbers
by using determinants and permanents of various Hessenberg matrices. De-
veci and Karaduman [4] defined the Padovan p-numbers and obtained their
different properties such as the generating function, the Binet formula, the
combinatorial and exponential representations.
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The purpose of the present paper is to study the Padovan numbers. We
investigate some families of Toeplitz-Hessenberg determinants the entries
of which are Padovan numbers with sequential, odd and even subscripts.
As result, we obtain some new identities with multinomial coefficients for
Padovan numbers. Our approach is similar in spirit to [6, 7, 8, 10].

The main results of this paper were announced without proofs in [9].

2. DETERMINANTS OF TOEPLITZ-HESSENBERG MATRICES

An n x n matrix M, = (m;) is called a lower Hessenberg matriz if
all entries above the main diagonal are zero but the matrix is not lower
triangular, i.e.,

mi1 mi2 0 s 0 0
mao1 22 mas3 0 0
ms1 m32 mgg - 0 0
M, =
Mp-1,1 Mn-1,2 Mp-13 -° Mpn-1n-1 Mnp-1n
mn1 mn2 mn3 te Mnp,n—1 Mpn
where m; ;41 # 0 for some i =1,2,...,n— 1.

Hessenberg matrices play an important role in numerical mathematics,
because their determinants can be calculated very fast by the recurrence [2]

n—1 n—1
(2) det M, = mp, det My, _1 + z:(fl)”_kmn;C det M,,_y, H M it 1
k=1 i=k

Since there exist fast algorithms, which allows to transform a given qua-
dratic matrix to a Hessenberg matrix, the evaluation of the characteristic
polynomial of every quadratic matrix can be reduced to the same problem
for an equivalent Hessenberg matrix [5].

For the special choice m;; = a;—j4+1 for all ¢ and j, i.e., on each diagonal
all the elements are the same, we have the Toeplitz- Hessenberg matrix

aj a 0 cet 0 0
a al ao s 0 0
An = An(a(]; Ay, ..., an) =
p—-1 QGp-2 Aap-3 --- A1 Qo
an ap—1 Qap-2 - a ay

Let us consider the sequence of determinants {det A,},>1 and define
det Ag = 1. Then from (2) we obtain

n
(3) det A,, = Z(fao)kflak det A, _g.
k=1
The next result gives the multinomial extension of det A,, [13]:
(4) det A, = Z (7a0)n—(81+~-.+8n)pn(s)aila;Z cadn
s1+2s2+-+nsp=n

where
(514 +sp)!

pn(s) = 51l 5]
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is the multinomial coefficient and n = s1 + 283 + - - - + ns, is a partition of
the integer n > 0 where each integers i > 0 appears s; times (see also [12]).

For simplicity and clarity of notation, we write det(aq, ag, ..., ay) instead
of detA,(1;a1,az,...,ap).
In the next two sections, we evaluate det(aq,as, ..., a,) with special en-

tries given by a; = P;.

3. DETERMINANTS OF TOEPLITZ-HESSENBERG MATRICES WHOSE
ENTRIES ARE PADOVAN NUMBERS WITH SEQUENTIAL SUBSCRIPTS

The next proposition gives the value of some determinant whose entries
are Padovan numbers with sequential subscripts.

Proposition 3.1. Forn > 1, the following identities hold:
=) (n—2—2i
det(P(),Ph...,Pn_l): ; (1)2< i1 ) + 0n1,

det(Py, Pa, ..., Pp) =

=1
(5)  det(Ps, Ps,..., Pot) = % (ol + (l=2]) 4o,

)=n

)

det(P37P47"':Pn+2 = +6n17
1 n n
det(P1, ..., Pavs) = 14 ((_1)L3J n (_1)L%1J)7
n?+n+4
det(P5,P6, .o ~-,Pn+4) = 5 s

where 8pp is the Kronecker delta and || stands of the greatest integer less
than or equal to x (the floor of x).

Proof. We will prove formula (5) using induction on n. The other proofs
follow similarly, so we omit them for brevity. For simplicity of notation, we
denote

D, = det(Pg, Ps, ..., Pn+1).
Clearly, formula (5) works, when n =1 and n = 2. Suppose it is true for
all positive integers k < n — 1, where n > 2.
Using recurrence (3) and Padovan relation (1), we have

Dy, (—1)""'Piy1 Dy

|

Il
—_

k3

=PDp_y— PsDyo+ Y (1) (Pis1 + Pig) Dy

=3
n—2 ) n—3 )
=Dyp1—2Dp_o + Z(_l)z_l-PiJran—i—Q + Z(_l)ZPiJran—i—S
i=1 =0

n—3
= Dn—l - 2Dn—2 + Dn—2 + (Z(l)ZBJran—i—B + Pan—3>
i=1
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= anl - Dn72 - Dn73 + an?y
=Dyp_1— Dy
Using the induction hypothesis, we obtain

Dy = % ((71)L%J + bt ol - (71)L%J)

- % (ol 4 cnl=s)).

Consequently, the formula (5) is true for n. Therefore, by induction, the
formula works for all positive integers n. |

4. DETERMINANTS OF TOEPLITZ-HESSENBERG MATRICES WHOSE
ENTRIES ARE PADOVAN NUMBERS WITH EVEN (ODD) SUBSCRIPTS

The next proposition gives the value of some Toeplitz-Hessenberg deter-
minants whose entries are Padovan numbers with even or odd subscripts.

Proposition 4.1. For n > 1, the following identities hold:
det(Py, Pa,. .., Pay_2) = (71)7%1 + o,

det(Pr, Ps,...,Pyp_1) = = ((* )

2n— 1+( "

det(Py, Py,. .., Poy) = = (( D) 4l
det(Pg, P5, L. ,Pgn_;_l) = 25n1 + Opo + 5713,

n

det(P4,P6, .. .,P2n+2) = % ((—1)|_§J — (_]_)\_Tnj) + 02,

[%52] :
n+3—2
(6)  det(Ps,Pr,..., Panyz) = Y < : ),
i=0 !
where dpy is the Kronecker delta, |x| is the floor of x.
Proof. We will prove formula (6) using induction on n; the others can be
confirmed similarly.
The result clearly holds for n = 1 and n = 2. Suppose it is true for all
positive integers k < n — 1, where n > 2.
It may be note that the Padovan numbers satisfy the recurrence
(7) P, =2P, - P, 4+ Py s,

for n > 6.
Let
D, = det(P5, P ... P2n+3).

Using recurrences (3) and (7), we then have

n

Dy = (~1)""Pai+3Dn-i
i=1

=P5Dp 1+ Z Y(2Pyis1 — Poi—1 + Poi—3) Dy
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n—1

=3Dp 1 +2Y (~1)'Paiy3Dp 1
i=1

n—2
- <P3Dn2 —+ Z(l)ilp2i+3Dn2i>

=1

+ (Z(_l)ilpﬂ—?)Dn—i - Pan—2>

=3
=3D,_1—2D;_1+2Dy_5 —2D,_»

+ Z YPyis3Dy 3+ PaDy_3 — Dy o

= anl + Dy_3.
Using the induction hypothesis, from above formula we obtain
S n+2—-2 S n+1-—2:
8 D, = .
o e (TS ()

Let n = 3k. Then

o 0)

= L%J From (8), using well-known formula

we have
Dn:bJ (n+2_zz>+M <n22)
=0 t =0 t
L o a AP
n — 21 n — 2zl
=it ( i > <I~c+1)+ Z ( i—1 >
i=1 =1
[5]+1

B0

i% (n+322>

Let n # 3k. Then |22| = [2| + 1. From (8) we have
[8]+1 5] :
D, — n+2-— 22>+ (nIZZ)

=0 ( ‘ iz:(:) !

ik n+2—2 n+2—2i
= () ()

i=1

L=

I
(=)
7N
S
+
. W
|
[\
~.
N———
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Consequently, the formula (6) is true for n. Therefore, by induction, the
formula works for all positive integers n. d

5. MULTINOMIAL EXTENSION OF TOEPLITZ-HESSENBERG DETERMINANTS

Formula (4), coupled with Propositions 3.1 and 4.1, yields the following
identities for Padovan numbers with sequential, even, and odd subscripts.

Proposition 5.1. Let n > 1, except when noted otherwise. Then

2] n—2-—24
_1)lsl S1 -, Sn _1\n+i e S
S 0Ep(s) Pt Py =1, n>3,
(10) Y (~)Fpa(s)Pt - Py = (1), >3,
2n+1—(—1)"
; =
Z( 1)‘ ‘pn( )P PQ,Z 1=( 2 ’
BN Al SR R o
Z (fl)lslpn(S)P;’l' Pr?j—l _ (—1L~s ;( 1L7s Conse
BNEIENESY
S (—1)blpa(s)pyt - Py = S Z( D s
S =)Fpu(s)P Py = (<1, n>2,
(11) Y (=)Flpu(s)P5t - Pon =0, n >4,
4n 4n+1
. n (—1)LTJ + (71)|.TJ
X 0 ry g = e U
3n n
s s (_1)L7J — (_1)L§J
12) Uz_n ‘ ‘ P2n+2 5 7 n>2,
s S Sp, (_1)n(n2 +n +4)
(13) zn(flﬂ |pn(8)P51 Pn+4 = 92 ’
L252] .
s S Sn n n+3—20
§=:n(_1)‘ ‘pn(S)P51 e P2n+3 = (_1) E_% < 1 )7

where op = 51+ 282+ -+ +nsp, |s| = 51+ + Sn, pals) = W

is the multinomial coefficient, and the summation is over integers s; > 0
satisfying s1 + 283 + -+ + ns, = n.
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For example, it follows from (13), (11), (10), and (12) that

P} —2PsPs + P =38,
P} — 3PPs + 2P3P; + P2 — Py =0,
P} —4P}Py + 3PPy + 3P, P} — 2P\ Py — 2P, P3 + Ps = 1,
P — 5P} Ps + 4P} Py + 6P2 P} — 3P2Pyg — 6Py PsPs + 2Py Ppo
~P$ +2PsPig+ P — Py =0,

respectively.

(1
(2l

(10]
(1]

[12

(13

(14]
(15]

(16]
(17]

(18]

(19]
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