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SOME EXPLICIT FORMULAS OF DEGENERATE STIRLING
NUMBERS ASSOCIATED WITH THE DEGENERATE
SPECIAL NUMBERS AND POLYNOMIALS

D. V. DOLGY AND TAEKYUN KIM

ABSTRACT. In this paper, we study the degenerate Stirling numbers arising
from the generating functions and we give some identities and formulas of
these numbers which are related to the degenerate special numbers and
polynomials.

1. Introduction

For A € R, the degenerate Bernoulli polynomials are defined by L. Carlitz
which are given by the generating function to be

t o
1+ Mt)x —»  (see 1,2]). 1.1
TEwucoat Zﬂm (see (L2). (1)
Note that limy_. 8, (z) = By, (), where B, (z) are ordinary Bernoulli poly-

nomials.
When z =0, 3, = 8,,A(0) are called the degenerate Bernoulli numbers.
For r € N, the higher-order degenerate Bernoulli polynomials are also defined
by the generating function to be

tn

¢ " Lo
(W) OJFM)A:;@(L,)A(I’)E (see [1,2]).  (1.2)

When z =0, ,37(:; = 6(7") (0) are called the higher-order degenerate Bernoulli
numbers.

It is well known that the Stirling number of the second kind is defined by the
generating function to be

1 (ef — 1 252 n, k (see [3,5,6,7,8]). (1.3)
n=~k
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In the viewpoint of inversion formula of (1.3), the Stirling number of the first
kind is given by

7 (log (1+1) Z S1(n, k (see [3,8]). (1.4)

Let us consider the following degenerate exponential function.
eX(t) = (1+ )X, ex(t) =ek(t) = (L+ A)™, (see [9]). (1.5)
From (1.5), we note that the degenerate Stirling number of the second kind
is defined by the generating function to be

1 1 1
H(e,\(t) 1) = (A+xt)> — Z S (n, k (see [6]),  (1.6)
n=~k
where k e N={1,2,3,--- }.
Let log, t be the inverse function of ex(t). Then, by (1.5), we easily get

logy t = %(t)‘ —1), (A€R), (see [7]). (1.7)
From (1.7), we note that
ex(logy(t)) = log, (ex(t)) =t, (1.8)
and
log, (t %Z - (1.9)

where (Ao =1, N)p=2XA—=1)---(A=n+1), (n>1).
By (1.5) and (1.9), we easily get
1 = 1i % = t 1 =
;13%) ex(t) = ;%(1 + At) e, ;11)1}) logy (1 +t) = log(1 +t). (1.10)

Now, we define the degenerate Stirling number of the first kind which is given
by the generating function to be

l ’fl
o (log)\ (I+¢ ZSl A(n, k) —', (see [7]), (1.11)
where k e N={1,2,3,--- }.

For r € N, the higher-order Cauchy polynomials are defined by the generating
function to be

t " S
(m) (1+1) :,;OT(L)@)E’ (see [5,11)).  (L.12)

When z = 0, ch = ¢ (0) are called the Cauchy numbers of order r.
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As is known, the Daehee polynomials of order r(€ N) are given by the gener-
ating function to be

(log“t*_t)) (1+1)" = ;)Dﬁﬂ(x)g, (see [4,5,10,11]). (1.13)

When z = 0, D%T) = DSLT)(O) are called the Dahee numbers of order r.

In this paper, we consider the degenerate Stirling numbers and degenerate
Cauchy and Daehee polynomials which are given by the generating functions
and we give some explicit formulas of the degenerate Stirling numbers associated
with the degenerate special numbers and polynomials.

2. Some explicit identities of the degenerate Stirling numbers

Now, we define the higher-order Daehee polynomials which are given by the
generating function to be

(W) (1+1)° Zd(’") t—' (2.1)

When z = 0, df: )/\ = d(r) 1(0) are called the degenerate Daehee numbers of
order r € N.
From (1.5), (1.8) and (1.13), we have

(lizg:((l . t))) - 1) e% (log(1 + 1))

B (@)

g
)
>

(IOgA(l +t))

-

n=~k

n

n . t
(kz B (2)S1a(n, k)) -

Therefore, by comparing the coefficients on the both sides of (2.2), we obtain
the following theorem.

Theorem 2.1. Forr € N and n > 0, we have

4"\ (2) ZB 2)Sy A (n, k).
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In particular,

) = Z B S (. k).

k=0

From (2.1), we note that

™) ()L (( 1) = ' X
Zd k<1+)‘t) <1+)\tl\— ) (1+2)
N ) (2.3)
-2
On the other hand,
S @ (0t -1)' = S S Saatn
= n=~k
(2.4)
™ tn
:nZ; <Zd( A(@)S2a(n k)) o

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.2. Forr € N and n € NU {0}, we have

B\ (x) = Zd(’")( )82 A (n, k).

k=0

In particular,

ffz\_Zd ) So.(n, k).

In the viewpoint of (1.12), we can consider the degenerate Cauchy polynomials
of order r which are given by the generating function to be

¢ ' x (r)
() 407 = Lk 25)

n=0



Some explicit formulas of degenerate Stirling numbers

When z = 0, C’T(:"z\ = CT(LT;(O) are called the degenerate Cauchy numbers of
order . Now, we observe that

(14 8)7+ = (Myu ) (ﬁ) (1+ 1)

g?x@)%) (2.6)

I
("\
M8
&.
\_/
g )
OM

Therefore, by (2.6), we o btaln the following theorem.
Theorem 2.3. For 0,

In particular,

1=0
By (1.8), and (2.5), we get

AE —1)" e -1\« "
(L) - (252 - S

On the other hand,
H—1\" 1 r_rtl Y1)
<€>\() ) :T_r_(eA(t)_1) :T_g((1+)\t)x_1)

I & k 'S .
= LZSQ,,\(k,r)t_ :Zwt_

k+ :
k=r " k=0 ( kr) kit
Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.4. For r,k > 0, we have

(2.8)

k

(k-i—r) T oAk ) = Z Cv(L?\S?,A(kv n).
T n=0
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From (2.1), we have

oo

r t" 1 rl 1
Zdi,)xg = 7 (log,(1 +1)" = 5 (log, (1 +1)"
n=0 : .
- X Spa(n+rr)th (29)
1, 5
=7l 251,)\(71 + T,T)m = Z WE
n=0 n=0 T

Therefore, by comparing the coefficients on the both sides of (2.9), we obtain
the following theorem.

Theorem 2.5. For n,r > 0, we have

1
dnr)/\ = WSL)\(TL + r, 'I").
T
For n,k > 0, it is known that the associated Stirling number is defined by the
generating function to be
1
k!

o0
k _ n—k Qx* "
(log(1+1t)—t)" = Y (-1)"*3 (n k). (see [3]). (2.10)
n=2k
Now, we define the associated degenerate Stirling numbers which are given
by the generating function to be

S (logy (14 1) — 1) = 37 (-1 FSi R o (k> 0). (2.11)
’ n=2k ’

Note that limy_,o S5(n, k) = S*(n,k), (n,k > 0).
From (2.11), we have

) I (R )

t
_ ;0 <T>tim(log)\(1+t) )"

ko m
" (r . mln! t" (2.12)
:mZ::O (m) nZ;nSA(ner m)( LS
G n - 7’:7, * tn
=3 ((_1) > (7S+21) S,\(ner,m)) —
n=0 m=0 n
On the other hand,
log,(14+1)\" <= (t"
( al > =Y dns (2.13)

Therefore, by (2.12) and (2.13), we obtain the following theorem.
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Theorem 2.6. Forn > 0, we have

W=y Y

o (
Now, we observe that

o0

" (ot N (e Y g
nzz:ocn)\n! o (logA(l +t)) - < + logy (L + 1) (t og) ( —|—t))
r t m 1 .
) (-1 1
m) (log,\(l +t)> tm (t —logy(1 +1t))

(
-3 () () O o))"
(

T

m=0
" r mm! - * —-m t ¢ "
:gz:o m>(_1) tm <kg2:mS,\(k,m)(—1)k E) <log,\(l+t))

=0

* k oo l
<:;L> SA(IZ,:;_,:; m) (_1)k—m%) (Z C[(f;)%)
(

n k n
( > <—1>k-ms:<k+m,m>02’i’b> -
k=0 m=0 ( k ) v

(2.14)

Therefore, by comparing the coefficients on the both sides of (2.14), we obtain
the following theorem.

Theorem 2.7. Forn > 0, we have

)

("3

n

k
Cia=2_ 2.

k=0m=

—~
3 s
N—
—~~
>3

(—1)*™ 85 (k + m,m)C™) .

(=}

It is easy to show that

o0

Z Sl,/\(na k)SQ,/\(mv k) = 5k,m7 (kam Z O)a

n=~k

where 6, is the Kronecker’s symbol.
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From (1.1), we note that

iﬂ th t logy (L4 (L+ X)X —1)
ST (L anE 1 1+ A)F —1

- (W) %Z(A)n%((l + )Y —1)"
) %Z (A)—Wi'((l Fa0F =" (2.15)

n=0 =
N (A)nt1 tF
=> |5 " 8o a(kyn) | =
Pt A= n+1 k!

Therefore, by comparing on the both sides of (2.15), we obtain the following

equation:

7.

8.

9.

For k£ > 0, we have

k
Brx = inz:o (:L\)TnTSz,A(k’n)v (see [7]).

References

L. Carlitz, A degenerate Staudt-Clausen theorem, Arch. Math. (Basel) 7 (1956), 28-33.
L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. 15 (1979),
51-88.

. L. Comtet, Advanced Combinatorics: The Art of Finite and infinite Expansion, Reidel,

Dordrecht. 1974.

. B. S. El-Desouky, A. Mustafa, F. M. Abdel-Moneim, Multiparameter higher order Daehee

and Bernoulli numbers and polynomials, Applied Mathematics 8 (2017), no. 6, Article
ID:76757, 11 pages.

. D. S. Kim, T. Kim, Daehee numbers and polynomials, Applied Mathematical Sciences, 7

(2013), no. 120, 5969-5976.

. T. Kim, A note on degenerate Stirling polynomials of the second kind, Proc. Jangjeon

Math. Soc. 20 (2017), no. 3, 319-331.

T. Kim, D. S. Kim, H.-I1. Kwon, A note on degenerate Stirling numbers and their applica-
tions, Proc. Jangjeon Math. Soc.(submitted).

T. Kim X-analogue of Stirling numbers of the first kind, Adv. Stud. Contemp. Math.
(Kyungshang) 27 (2017), no. 3, 423-429.

T. Kim, D. S. Kim, Degenerate Laplace Transform and degenerate gamma function, Russ.
J. Math. Phys. 24 (2017), no. 2, 241-248.

10. Y. Simsek, Identities on the Changhee numbers and Apostol-type Daehee polynomials,

Adv. Stud. Contemp. Math. (Kyungshang) 27 (2017), no. 2, 199-212.



Some explicit formulas of degenerate Stirling numbers

11. N. L. Wang, H. Li, Some identities on the higher-order Daehee and Changhee numbers,
Pure and Applied Math. J. 2015: 4(5-1), 33-37.

HANRIMWON, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF KOREA
E-mail address: dvdolgy@gmail.com

DEPARTMENT OF MATHEMATICS, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF
KOREA(CORRESPONDING AUTHOR)

E-mail address: tkkim@kw.ac.kr

317



