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A NOTE ON DEGENERATE STIRLING NUMBERS AND
THEIR APPLICATIONS

TAEKYUN KIM, DAE SAN KIM, AND HYUCK-IN KWON

ABSTRACT. In this paper, we introduce degenerate Stirling numbers of
the first kind which are different from the Carlitz’s type degenerate Stir-
ling numbers of the first kind. Then we derive some identities involving
these numbers and other degenerate special numbers like degenerate Stir-
ling numbers of the second kind, degenerate Bernoulli numbers, degenerate
Euler numbers, and degenerate Daechee numbers of the second kind.

1. Introduction

Stirling numbers are defined as the coefficients in an expansion of positive
integral powers of a variable in terms of factorial powers, and vice versa:

), = En:Sl(n,k)a:k, (n>0), (1.1)
k=0
" = ; Sa(n, k)(x)k, (n>0), (see[l,2,3]). (1.2)
k=0

where (), = z(x—1)---(z—(n—1)), (n > 1), (x)o = 1, (see [3]). The numbers
Si(n, k) and Sa(n, k) are the Stirling numbers of the first kind and of the second
kind.

The generating functions of (1.1) and (1.2) are respectively given by

k‘(log 1+t> 251 nk , (k> 0), (1.3)
n==k
and
1
o (et —1)* Zsﬂm , (k>0). (1.4)
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As is well known, the Bernoulli and Euler numbers are respectively defined

by
t A
— —;Bnm, (1.5)
et 1 Z —,  (see [2,3,9]). (1.6)

The Daehee numbers are given by the generating function

log(1 + £)
log(1+¢) + Ean . (see [3,4,8,9)). (1.7)
n=0 !

From (1.5) and (1.7), we note that

D, = iSl(n, k)Bg, (n >0), (1.8)
k=0
and
B, = ZSQ(TL, k)Dy, (n>0), (see [3,4]). (1.9)
k=0

For A € R, L. Carlitz introduced the degenerate Bernoulli polynomials 3, »(z)
and the degenerate Euler polynomials &, x(z), (n > 0), which are given by

ﬁ (1+ M) = Zﬁm (1.10)
#(1 + )N = is (a:)ﬁ (see [1,2]) (1.11)
1+M)* +1 T A o '

Note that limy—o B, 1 (z) = By (), and limy_,0 &, (z) = E,(x), where By, (x)
and E,(z) are the Bernoulli and Euler polynomials.

When z = 0, Bpux = Bu(0), Enx = E,1(0) are called the degenerate
Bernoulli and Euler numbers.

Now, we define the degenerate exponential function as follows:

0t =S ), 1,2,7
ex(t) = (14 At)> _ZO( )n)\m, (see [1,2,7]). (1.12)
n=

where (z)ox = 1, ()na = x(x — A)---(x — (n — 1)A), (n > 1). Note that
limy_gex(t) = et.
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Recently, the A-Stirling numbers of the first kind are defined as
T)pr = Z S1a(n, D!, (n>0). (1.13)

Note that limy—,1 S1.A(n, 1) = S1(n, 1), (n >1>0).

In this paper, we introduce the degenerate Stirling numbers of the first kind
which are different from Carlitz’s type degenerate Stirling numbers of the first
kind and A-Stirling numbers of the first kind. Then we derive some identities
involving these numbers and other degenerate special numbers like degenerate
Stirling numbers of the second kind, degenerate Bernoulli numbers, degenerate
Euler numbers, and degenerate Daehee numbers of the second kind.

2. The degenerate Stirling numbers of the first kind

Now, we define the degenerate logarithmic function as the inverse to the
degenerate exponential function ey (¢) as follows:

-1
logyt = T (A #£0). (2.1)
From (1.12) and (2.1), we note that
ex(logyt) = t = logy(ex(t)), lim logyt = logt. (2.2)

In the view of (1.3), for n > k > 0, we define the degenerate Stirling numbers
of the first kind by

k’(log,\ 1+t) ZS’lAnk (2.3)

Thus, by (2.2), we easily get
lim SLA(n, k) = Si(n,k), (n>k >0). (2.4)

where S (n, k) are the Stirling numbers of the first kind.
From (2.1), (1.3), and (1.4), we note that
—k

kll (IOgA(l + t))k = )\k' ((1 +t)A l)k = )\k;'k (eA log(1+t) _ 1>k

_ ’fZSQ (1, k)X (1og(1+t))

=\ Z So(l, k)N ZSl(n, z)i—",
=k n=l

— i <zn: )\l"’SQ(l,k)Sl(n,l)> %

n=k \l=k
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Therefore, by (2.3) and (2.5), we obtain the following lemma.

Theorem 2.1. For n,k > 0 with n > k, we have

Sia(n, k) = zn: AR Sy(1, k) S (n, 1).

=k

Now, we observe that
" = (eA(log(l +z)) — 1) , (n>0). (2.6)

In [5], the degenerate Stirling numbers of the second kind were defined by the
generating function

%(e,\(t) - 1)k _ %((1 AT — 1)’C _ i SQ,A(n,k);—i, (k>0). (2.7
n=k
Thus, we note that
(ex(togs(1 + ) —1)" =i (ex (logy (1 +-0)) 1)

=n! Z Sz,,\(k,n)%(log)\(l + x))k
k=n :

= ’I’L’ Z 52,/\(/6,%) Z Sl,,\(m, k)m
k=n m=k
oo m $m
=nl Y <Z S A (k,n)S1 \(m, k)) —.
m=n \k=n m
Therefore, by (2.6) and (2.8), we obtain the following theorem.
Theorem 2.2. For m,n € N, we have
i 1, if m=n,
S Soakm)Sia(miky =4 Y
h 0, ifm>n.
=N
From (1.10), we have
o n lo ex(t) —1+1
Zﬁmt_ _ t gx( A1) 1 ) (2.9)
Tl (14 )Y —1 (I+Xx)> —1

n=0
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By (2.1), we easily get

o0 !
logy(1+t) = %((1 FA - 1) - % <Z(A)l§—! - 1)

1=0
1o,
= XZ(/\)IH
1=1
Thus, by (2.10), we get
S l
logy(ex(t) ~1+1) _ 1 Z(A)z (ex(t) — 1)
(I+t)~ —1 /\((1+/\t)%—1) = !
Il Wi 1 !
_Xlz:; I11 z_'((HM)A _1>
1 & (Nig1 = t"
:XZ s Zsz,\(n»l)ﬁ
=0 n=I[
B > 1< ()‘)H-l t"
_nzz:o X; l+182,\(n,l) ]

Therefore, by (1.10) and (2.11), we obtain the following theorem.

Theorem 2.3. Forn > 0, we have

1o~ (Vi
=< S, ).
B 3 S 2 (1, 1)
1=0
From (1.11), we note that
neo ST (1+A)x +1 X log(1HA) 4 q

It is not difficult to show that
N1 /1 m
0W7n<— i)m (Xlog(l—k)\t)) N

where W, (z) = >0 ) Sa(m, n)nlz™.

[e )

1 j—
elog(1+)\t)% +1 B

[N

m=

(2.10)

(2.11)

(2.12)

(2.13)
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By (2.12) and (2.13), we get

n=0 m=0
= Wm( — %) AT Z Si(n, m)—Tt" (2.14)
m=0 n=m
o0 n 1 - tn
= nEZ:O <m§:0 Wm( 2))\ Sl(nvm)> E

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.4. For n > 0, we have
- 1
Er=S"W, (4 —)x"*ms .m).
n,A mEZ:O m 2 l(n m)

From (2.7), we have

o0 m

m!

- N . (2.15)
n e
= Z <k>/€' Z Sg,)\(m,k) 1
k=0 m=k
o0 n n m
m=0 \k=0
Thus, by (2.15), we get
(M)m\ = ;} (Z) k!Sy \(m, k), (n,m > 0). (2.16)
From (2.16), we note that
(l)mJ\ + (Q)M,A +oe Tt (n)m)\ = Z(J)m)\
j=0
n 7 .
= (Z (2 ) k1S (m, k)) (2.17)
J=0 \k=0
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It is easy to show that

a;c@):j_z_:k(@ii)_(kil)):(;ii) (2.18)

Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.5. Forn >0, we have

" /n+1
i @22 (s = 3 (7] ) S,
k=0

Now, we define the degenerate Daehee numbers of the second kind by

oo

1 (1+1¢)
OgA - jE:CLlA (2.19)
By replacing ¢ by (1 + /\t)% — 1, we get

t o0 A i
L+x)% -1 ;%@AH(O+AQA_>

de A Z So )\ n, k‘) (2.20)
k=0 n=~k
Z (Z di, S22 (1, k)) t7i

Il

Therefore, by (1.10) and (2.20), we obtain the following theorem.

Theorem 2.6. For n > 0, we have

Bar =D drrS2x(n,k).

k=0
From (1.10), we have
logy(L+1) 1 k
— = ];)ﬁk,)\ﬂ(log)\(l + t))

=Z' Z unk— (2.21)
—Z<Zs1xnkﬂk>\> n_"

n=0
Therefore, by (2.19) and (2.21), we obtain the following theorem.
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Theorem 2.7. For n > 0, we have

Aoy =Y S1a(1,k)Brr

k=0

Remark. It is well known that the Changhee numbers are defined by the
generating function

2 _sont (2.22)
t+2 ~ "nl’ ‘
From (1.6) and (2.22), we can easily derive the following equations:

Chn =Y Si(n,k)Ey, (n>0),
k=0

and

n

=" Sa(n,k)Chy, (n>0).

k=0

Now, we observe that

(1o, (1+)"

o0 n tn’
> < 5k,AS1,A(n7k)> ok

2 2
tr2 ex(logy(1+1)) +1

=36 3 Sl g

From (2.22), we note that

I
i s R )
AL
("3
??‘|)—l
—~

2 > 1 1 k
TourTt };)C’hkﬁ((wr)\t)x . 1)

= Chi Y Saa(n, k)%
k=0 n=k ’

Thus we have

Enr =Y ChiSax(n,k), (n>0).

k=0
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