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A NOTE ON DEGENERATE GAMMA FUNCTION AND
DEGENERATE STIRLING NUMBER OF THE SECOND KIND

TAEKYUN KIM AND GWAN-WOO JANG

ABSTRACT. Recently, degenerate gamma function was introduced in [5].
In this paper, we investigate some properties of the degenerate gamma
function and give some functional equations for the degenerate gamma
function. In addition, we derive some identities for the degenerate Stirling
number of the second kind associated with degenerate gamma function.

1. Introduction
It is well known that the gamma function is defined as
o0
T(s) = / t*~le~'dt, where s € C with Re(s) > 1. (1.1)
0
Thus, we note that
I(s+1)=s'(s), I'(n+1)=nl, (neN), (see]l,5,6,7,8]). (1.2)

The degenerate exponential function ey (t) is a function of two variables \ €
(0,00) and t € R defined as

ex(t) = (1+At)%, (see [5)). (1.3)
Note that limy_, ex(t) = e'. From (1.1), we note that
n t n
[(z) = lim (1 - —) 1t
n—oo Jo n
" /n 1
— 1' z 71 k— .
ni)H;c K P <k>( ) 24+ k (1 4)
ln?
— lim v (z£0,-1,-2,.--).

n—oo 2(z +1)--- (2 +n)’
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Recently, the degenerate gamma function for the complex variables with 0 <

Re(s) < % was defined as

FA@)=1Awe;%0ﬁ%ﬁ=iAKkl+Aﬂ1ﬁ%ﬁ, (see [5]). (1.5)

From (1.5), we have

Ca(s+1) = ﬁrﬁ(s)v (see [5]), (1.6)

where A € (0,1) and 0 < Re(s) < 152.
For A € R, the degenerate Stirling number of the second kind is defined by
the generating function to be

1 1 k > tm
H((l Fant - 1) =3 Saaln k), (see [3,4.5)), (1.7)
n==k

where £k € N U {0}. Thus by (1.7), we get limy_Sax(n,k) = Sa(n, k),
(n,k > 0), where Sy(n, k) are the Stirling numbers of the second kind.

In this paper, we investigate some properties of degenerate gamma function
and give some formulas related to Stirling numbers.

In addition, we also give some identities for the degenerate Stirling numbers
of the second kind associated with degenerate gamma function.

2. Degenerate gamma function

From (1.6), we note that

- (k —1)! _ L'(k)
S TRV TG SV B (R ) Rl (R V R YV RS GRS
1 | i (2.1)

! 1< [k B
FL— N —20 (1 — kN :E;@(‘”k T

where k € N and A € (0, ). It is not difficult to show that

(k — 1)1

r_x(k) = (T+ND+2X) - (1 +EkN)

where — A € (—%,0).

The difference operator A is defined as

Af(z) = flz+1) = f(2).
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From (2.1), we have

o0 k

Z Z( ) Y=t gketm

_ _ 1 Z )\mk' Z < > Ic llk-f-m (22)

=(k-1> AT Mo“m = (k=Y NSy (k +m, k).

m=0 m=0

Pr'l'—‘

Therefore, by (2.2), we obtain the following theorem

Theorem 2.1. For k € N and X € (0, 1), we have

La(k) =

K 1)kt r =(k-1)! S A Sy (K k
(1) 0y = B DAtk

m=0

1
k

Mz L M«v

)\mAk:Ok—i-m .

T =

For k € N and X € (0, 1), we observe that

<%>TFA(’“) B <%>T <(1 (1 1;(;:)) (- m))
r k k
< ) ;( ) 1i)\l) (2.3)

k lkz-i—r

1 & _
s (ot

Thus, by (2.3), we get

Now, we define the following notation:

r{ (k) = (%) Ia(k)| , (reN). (2.5)

A=0
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:@l RN qye-tgker (2.6)
22 (e

E+r—1 » (k+r-=1)
= ﬁyAk okt — wsﬁ(k—kr’k)'

T T

Therefore, by (2.6), we obtain the following theorem.
Theorem 2.2. For r,k € N and X € (0, 1), we have

(k+r—1)

("7

T\ (k) = So(k + 1, k).

For k € Nand X € (0, +), we note that

((k— 1)!)2

(1= A1 = (2A)?) -+ (1 = (kA)?)

Ca(B)T A (k) =

N2
Cap ((k—l).) ) .
W T G0 ()
)\72]{1 1
= (~1)* X -

From (2.7), we have

DA (k) = C y-2em1 7
AR A (k) = k2 sin
)\ n= 1

(=D* ok1 L
/c)\ F )\

Therefore, we obtain the following theorem.
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Theorem 2.3. For r,k € N wwith A € (0, %), we have

Ta(k)T_a(k) = %A‘Qk‘lm% ﬁ (1 - (ﬁf)

A n=1

In particular,

DABT AR (CDF s 2
Tora-n - B H<l‘< wrm) )

n=1

From (1.3), we note that

oo

(1+M)% = ((1+At)% 117 =Y () ( (14 A)% — 1)"7, (2.8)

k=0

where (z)g =1, ()p =z(x - 1) - (x —k+1), (k> 1).
On the other hand

1405 =3 @n s

where (z)o\ =1
From (2.8) and (2.9), we have

o0 tn 1 1 k
stm(n,k)m - H((l T - 1) : (2.10)

and
n)\—ZSQ/\nk' Yk, (n>0). (2.11)

By (2.11), we easily get
Soa(n+1,k) = Sax(n,k — 1) + kS2 A(n, k) — nAS2 A (n, k), (2.12)

where n, k > 0.
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From (2.12), we can derive the following equations.
Sax(n+1,n) =nS3x(n,n) + S2.x(n,n — 1) —nASs x(n,n)
= n’(l - )‘)SQ,/\(n7 Tl) + SZ,)\(nv n— 1)

I

=n(l-AN)+n-1)1-X)+--+(1-X)+S52.(1,0)
:n(n—I-l)( /\)(n-i-l)(l_)\).

2

Thus, by (2.13), we get

Son(n+1,n) = (“ ‘; 1)(1 ~ ), (neN).

Now, we observe that

0o - k
S Son(n,k) ,Z%((Hm%1)'“:%}:(;)(1)’“—1(1“&
n=k =0
(L (R e t
;<k'l§;<l>( b m"*) n!
:Z%Ak(o)n)\g-
n=0 :

k
B {Sz,A(n,k), if n >k,

0, otherwise.

(”) (1) (Dny1n = San(n+1,n) = (n ; 1) (1=2).

n(l—=AN)+Sann-1)=nl-A)+n-1)1A-N)+S2x(n—1,n—-2)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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From the definition of (), x, we have

Dnsrn =10 =N =20+ (1 —n0) =" (1 %) (1- ?) - (1- "_A)

", where = .
Ca(n)’ WHere 7 n

_ ln+1 (71 — 1)' A c (0’ l)

(2.19)
By (2.18), we get

Z (?) (_1)””“(?%(71))! = %(_1)nn(n + L = N). (2.20)
1=0 A

Therefore, by (2.20), we obtain the following theorem.
Theorem 2.4. Forn € N and X € (0, 1), we have
n (n)(_l)lln+1 1
l n, 2
AV VAL | DI = N).
> = gl )
Remark. Note that

Thus, we have

1 4i ¢ n 1\yn—ln+1
2n(n+1)4n!;<l>( il
= Sa(n,n+1).

Remark. The research problem of degenerate gamma function for % is re-
mained in this paper.
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