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FOURIER SERIES OF SUMS OF PRODUCTS OF
HIGHER-ORDER GENOCCHI FUNCTIONS

DAE SAN KIM!, TAEKYUN KIM?, HYUCK-IN KWON?, AND JONGKYUM KWON*

ABSTRACT. In this paper, we study three types of functions given by sums
of products of higher-order Genocchi functions and derive their Fourier series
expansions. Moreover, we express each of them in terms of Bernoulli functions
from which the corresponding polynomial identities follow immediately.

1. INTRODUCTION

The Genocchi polynomials Ggf;)(a:) of order r(> 0) are given by

t’ln

2t T [ee]
<et +1> et =" Gg,p(x)m_!, (see [3,5,7,11,15,18,19]). (1.1)

m=0

When z =0, G = GS{)(O) are called Genocchi numbers of order r. In particular,
for r =1, Gp(x) = GE,IL) (), and G,, = GS) are called Genocchi polynomials and
numbers, respectively.

From (1.1), it is immediate to show that

G (x) =0, for0<m <r—1, G"(z) =7l

d%c;(”(x) =mG") (z), (m>1), (1.2)

m m—1

GOz +1) =2mG" V(@) - G0 (x), (r,m > 1).

m—1 m

Further, the Genocchi polynomials Gg;)(x) of order r and the Euler polynomials
EY) (x) of order r are related by
m! (r)

E(r)(aj) = m e

m

(z), (m >0), (1.3)
where E.) (x) are defined by
9 T ; ot tm
<m> et =" E,(,’;)(a:)m, (see [12,13]). (1.4)
m=0 ’
In view of (1.2), we have
G (1) = 2mGymy = G, (rm > 1), (L5)
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e L (A0 )
/O Gvr: (iE)diE = m—_|_1 (Gm-i-l(]') - Gm+1)

r— 1 g
—9 <G5n 1y _ m—HGSL)*l) :
For any real number z, the fractional part of x is denoted by

<z>=zx—[z] €[0,1). (1.7)

As is well known, the Bernoulli polynomials By, (z) are defined by

t o0 tm
— 1emt _ Z()Bm(x)m, (see [2,7,10,17,20]). (1.8)
m=

We will make use of the following facts about the Fourier series expansion of the
Bernoulli function By, (< z >):

(a) for m > 2,
>0 e2mine
B7n(< €T >) = —m! Z W’ (19)
n=—o00,n#0
(b) for m =1,
> 2mine f 7
B Z et _ Bi(<z>), forx¢Z, (1.10)
2min 0, for x € Z.
n=-—o00,n7#0

Throughout this paper, we will assume that r and s are fixed positive integers.

Let
am(@) = Y G @G (), (1.11)
0<k<m
_ 1 (r) (s)
Bm(z)= > mGk (2)G,, (@), (1.12)
0<k<m
_ 1 () (5
’Y,n(.’l}) - Z k(m o k) Gk; (w)G7rz—k(m)‘ (113)
1<k<m—1

For elementary facts about Fourier analysis, the reader may refer to any book (for
example, see [1,16,21]).
From (1.2), we immediately note the following:

am(x) = Bm(x) =0, for 0 <m <r+s, (1.14)

Ym(x) =0, for 2 <m <r+s, (1.15)

om(@)= > GP@GE (@), (m>r+s), (1.16)
r<k<m—s

Bl = Y GO @O, ks, D

r<k<m-—s
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() = <’;7 m(;;p(gg)cgj_k(x), (m>r+s),  (LI8)
O‘r+s(x) =rlsl, /8T+S(m) =1, ’YTJrs('T) = (T - 1)'(‘5 - 1)' (119)

Taking (1.11) - (1.19) into account, in this paper we will study the following three
types of sums of products of higher-order Genocchi functions and find their Fourier
series expansions. Moreover, we will express each of them in terms of Bernoulli
functions from which the corresponding polynomial identities will easily follow.

(a) am(< 2 >) = X ocpam G(<z>)GY (<2>), (m>r+s),

(0) Bin(< 2 >) = Cpchem mmmiCa (<2 >)G0 (<2 >), (m>7+5),

(©) Ym(< 2 >) = chem mG(T)(< 2 >)GY) (<z>), (m>r+s).

Before closing this section we can not go without saying that from the Fourier

series expansion of the function Zk 1 k(m ) By ({x))By— i ({x))we can derive the

famous Faber-Pandharipande-Zagier identity (see [6]) and the Miki’s identity(see
[17]). Hence our problem here is a natural extension of the previous works which
lead to a simple proof for the important Faber-Pandharipande-Zagier and Miki’s
identities. For the details, we ask the reader to refer to [14]. Some related recent
works can be found in [4,8,9,14].

2. THE FUNCTION (< x >)

Let am () = > gcram Gg) (a:)GfZ)_k(x), (m > r+s). Then we will consider the
function o

am(<z>) = Z G"(<z >)G£Z)_k(< x>), (m>r+s), (2.1)

defined on R, which is periodic with period 1.

The Fourier series of oy, (< z >) is

Z Agm,r,s)eQm’nm7 (22)

n=—oo

where

1 1
Am) = Almirs) — / am(< @ >)e 2Ty = / Qn (2)e 2T (2.3)
0 0
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Before proceeding further, we observe the following.

an@) = D (kG @GS @) + (m - G @6, @)

0<k<m

Y kG (@GS @)+ Y (- k)G (@G, (@)

1<k<m 0<k<m—1
= Y kDG @A L@+ Y (m -G @G, (@)
0<k<m-—1 0<k<m-—1
=m+1) Y G @G (@
0<k<m-—1

= (m+ Dam,—1(x).

(2.4)
This implies that
& (1) — o, 25)
and
‘AQM@W:miQWMMU—%HNm- (2.6)

For m > r + s, we let

GPWES () - 66 )

0<k<m (
= (erei ) - aem - kehT) - 6% ) - 66
0<k<m
=2 (2k(m - WG G — kGG,
0<k<m
—(m - RG]
(2.7)
We note here that
am(0) = ap(l) <= A, =0, (2.8)
and
! 1
m d — —Anz . 2
| an@s = — (2.9

We are now going to determine the Fourier coefficients Aﬁ{” ),

m—k

)
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Case 1: n #0.

1
Ag[’””) :/ am ()2 dg
Jo

1 , 1 d .
= ——[am(z)e 2™} 4 — / (=t (x))e™ 2™ 4y
27r1m 2min 1o Clix (2.10)
m + —omi
= 5 7 1) - 7 3 m— e
o (@) = 0) + 5 [ @ da
_mAl ey 1
2min " 2min
Thus we have shown that
1 1
A D poney LA (2.11)

2min, 2min

Noting that AT — gl fol e~ 2™ dy = 0, and by induction on m, from (2.11)
we can easily deduce that

1 (m+2);
Am) — = AL . 2.12
n mr2 ‘ Z (27Ti7’l)-7 1—j+1 ( )
1<j<m—(r+s)
Case 2: n=0.
1
1
Al = / : = A 2.1
0 J o (@) d m 2 it (2.13)

am(< x >),(m > r+ s) is piecewise C>°. Moreover, a,,(< x >) is continuous
for those positive integers m > r + s with A,, = 0, and discontinuous with jump
discontinuities at integers for those positive integers m > r + s with A,, # 0.

Assume first that A,, = 0, for some integer m > r + s. Then a,,(0) = a,,(1).
Thus o, (< x >) is piecewise C°, and continuous. Hence the Fourier series of
am (< x >) converges uniformly to o, (< x >) , and

1 > 1 (m+2);
- - NI )
am(< @ >) = m + 2Am+1 + Z m+2 Z (2min)i Am—j1
n=—00,n#0 1<j<m—(r+s)
1 1 m+ 2
=——Apt1+—— Z ( . >A1nj+1
mt M2 N
e e27rin31;
X (— 7! Z - )
n=—o00,n#0 (27‘(‘17’1,)3
1 1 m+ 2
=——Appit—— Y < . >Am—j+13j(< x>)
m+2 m+2 2<j<m—(r+s) J
LA x Bi(<xz>), forx¢Z,
0, for x € Z.
(2.14)

We are now ready to state our first result.

e
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Theorem 2.1. For each positz’ve integer | > r+ s, we let
s—1) r—1 s T -1
Ap=2 Z (Qk k 1 Gl( k— 1 ngc 1 )Gl )k (- k)Gé )Gl(s—k—)l) :
0<k<I

Assume that A,, = 0, for some integer m > r + s. Then we have the following.
(@) > o<kem G(r)(< x >)G5;) w(< T >) has the Fourier series expansion

S (<26 (< a>)

0<k<m
1 = 1 (m+2);
:—Am—H + Z - Z —.?Am—jﬁ—l eQﬂ'inx’
m+2 n=-—00,n#0 m+2 1<j<m—(r+s) (QFZR)J
(2.15)
for all x € R, where the convergence is uniform.
n—(r+s)
T 1 m—+2
Z G ) < T > G << x >) m—+2 Z ( . >Amj+1Bj(< x >),
0<k<m i=0g71 N 7
(2.16)

for all x in R.

Assume next that A,, # 0, for an integer m > r +s. Then @, (0) # amn(1).
Hence oy, (< x >) is piecewise C'*°, and discontinuous with jump discontinuities at
integers. Then the Fourier series of a,,(< x >) converges pointwise to a,, (< z >),
for x ¢ Z, and converges to

1
A, (2.17)

L m(0) + cm(1)) = am(0) + :

2
for x € Z.
We are now going to state our second result.
Theorem 2.2. For each positive z'ntegerl >1r+s, we let

A=2 Y (% (1- kG Ve — kel Nl —(l—k)G,g”Gl(S_;l_)l).

0<k<i

Assume that A,, # 0, for some integer m > r + s. Then we have the following.

1 = 1 (m+2); 2mina
(a) m+1 T Z - Z N | €T
m+2 n=—o00,n7#0 m+2 1<j<m—(r+s) (27(7,77,)]
20<k<m G(r)(< x >)G’E:L) p(<x>),  forx¢Z,
> o<k<m @ T)Gm_k; + 3Am, for x € Z.
(2.18)
1 m+2 r s
D—s > ( . )A,,n_j+1Bj<< )= Y GP(<z )G (<a>),
0<j<m—(r+s) N 7 0<k<m
(2.19)

forx & Z;
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1 " o ]
m -+ 2 Z ( . )Am jr1Bj(<x>) Z G(T)an) k+§Am, forx € Z.
Jj=0,j#1 J 0<k<m

(2.20)
Corollary 2.3. For each positive mtegerl >r+ s, we let
=2 3 (2h - REVEEY, -GG, - - mEdarY,).
0<k<l

Then we have the following polynomial identity.

Z G m k( ) = m;ﬁ Z <m+2> A7rL—j+1Bj(w), (m > ’I’“FS)

0<k<m 0<j<m—(r+s) J
(2.21)

3. THE FUNCTION B, (< x >)

Let B () = Yochem mGér)(x)ng)_k(w), (m > r+s). Then we will
consider the function

_ 1 (r) (s)
Bm(<x>) = (K;m R = k)!Gk (<2>)G,, (<x>), (m>r+s),

defined on R, which is periodic with period 1.
The Fourier series of §8,,(< x >) is

oo

Z lglr(l'rn,'r,f.;)627rina;7 (31)

n=—od

where

1 1
Br(Lm) — Bv(lm,r,s) — i /Bm(< T >)e—27rina:dx :/0 ﬂ7n(l‘)€_2ﬂinmd$. (32)

To continue further, we need to observe the following.
k s (TTL B k) r s
5@ = 5 { O @E o) + i O @06 @)}
0<k<m

1 . ;
= Y oL@ @

1<k<m
1 .
Y i @6 @)
0<k<m-—1 :
1 » R
- Z Rl(m—1— k,)!GEc )(x)GErL)—l—k(w)
0<k<m—1
1 . .
+ Z kl(m_l_k)yGé)(w)GEn) 1— k;( )
0<k<m—1 :
= 26m—1(37>~

(3.3)
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From this, we have

7 (225 = oo (3.1
and
/01 Bm(x)dr = %(ﬁm-ﬁ-l(l) - ,3m+1(0)). (3.5)

For m > r + s, we let
Q= Qm(’/', S) = Bm(l) - 6771(0)

1 r s ) (s
= > oG OGLW - GUGL)
0<k<m
1 r—1 I s—1 s r s
- Z kl(m _ k)l ((QkGI(C—l )~ GI(€ ))(2(m - k')G'En—k)—l - GEn)—k) - G](c )ng)—k)
0<k<m
2 r—1 s—1 r—1 s
- Z k’(m — k)’ (2k(m B k)G](€71 )Ggr”*k’)*l o kGl(ﬂ’fl )Gin)fk'
0<k<m

(- RGPE).

(3.6)
Now, we note here that
/J)m(o) = ﬂm(l) — Qm = 07 (37)
and
! 1
/ Bm(ﬂf)dﬂf = §Qm+1- (38)
0
Next, we are going to determine the Fourier coefficients B,(lm).
Case 1 : n#0
1
B7(lm) — / Bm(m)e_%imd:c
Jo
1 11 1 [td ,
— _ i [Bm(m)e—%'mz] i / (_ﬂm(m))e—%’mwdw
2min o 2min Jy dv (3.9)
1 2 ! ,
= — 1) — 0 e —27T'L'7L;l;d
s () = () 5 [ Bucs(o)e 2o
2 1
— B(rn—l) _
2min " 2rin.
Thus we have shown that
2 1
B — Bm=b _ _—_q.. 3.1
" 2min~ " 2win~ " (3.10)

From (3.10) and noting that BY ") = fol e~2mmzdy = (), by induction on m, we
can easily show that

21
(m) _ § )
Bn = ‘ 4(27rin)j mej-k—l- (3'11)
1<j<m—(r+s)
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Case2: n=0

1
m ~ 1
Bi™ = /0 B (@) = 5 Q1. (3.12)

Bm(< @ >), (m > r+s) is piecewise C'°°. Moreover, 8,,,(< x >) is continuous for
those integers m > r+ s with Q,,, = 0, and discontinuous with jump discontinuities
at integers for those integers m > r + s with €, # 0 .

Assume first that Q,, = 0, for some integer m > r + s. Then £,,(0) = 8, (1).
Hence 8, (< x >) is piecewise C*°, and continuous. Thus the Fourier series of
Bm(< x >) converges uniformly to 3, (< z >), and

Bm(< & >)
1 - 21 2w
= EQm-H + Z (_ Z Wﬂ7n—j+1)e e

n=-—00,n#0 1<j<m—(r+s)

1 2j—1 o 627Tnx
= -Q, s O (—'! : )
Pt D T em(-t Y G
1<j<m—(r+s) n=-—o00,n#0

(3.13)
1 271
= §Qm+1 + Z TQ'rrl—j+1Bj(< X >)

2<j<m—(r+s) J:

O, x Bi(<xz>), forz¢?Z,
0, for x € Z.

We are now ready to state our first result.

Theorem 3.1. For each integer l > r + s, we put

2 r—1 s—1 r—1 s s s—1
= Z m(%(l - k)GEc—1 )Gl(—k—)l - kGEc—1 )Gl(—)k-, - (- k)GIE: )Gl(—k—)l)‘

0<k<I
(3.14)
Assume that Q.,,, = 0, for some integer m > r + s. Then we have the following.

(@) Xo<k<m WGS)(< x >)G(S) (< @ >) has the Fourier series expansion

m—k
1 (r) (5)
> msz (< >)Gn (<7 >)
pshs (3.15)
1 = 2j71 2minx .
= §Qm+1 + Z (* . Z (2min)d Qm-ﬂ'“)e ’
n=—o00,n#0 1<j<m—(r+s)
for all x € R, where the convergence is uniform.
1
ONY magjk z>)GY) (< z>)
0<k<m ’
m—(r+s) 9i—1 (316)
= Z T Qm—jJrlBj(< €T >)7
J=04#1 "

for all x € R.
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Assume next that Q,, # 0, for some integer m > r + s. Then 5,,(0) # B (1).
Hence B, (< x >) is piecewise C*°, and discontinuous with jump discontinuities at
integers. Then the Fourier series of 3,,(< x >) converges pointwise to S, (< z >),
for x ¢ Z, and converges to

S (5 (0) + (1)) = B 0) + 30, (3.17)

for x € Z.
Next, we are ready to state our second result.

Theorem 3.2. For each integer l > r + s, we put

2 r r s T 5—
u= ) T (2k(1 — k)GY PG, — kG VG, — (- kGG,
0<k<l
(3.18)
Assume that Q.,, # 0, for an integer m > r 4+ s. Then we have the following.

o0

1 271 ‘
(CL) §Slm+1 + Z (* Z m!lm ]_H)e%‘mx

n=-—o00,n#0 1<j<m—(r+s)

) ) (3.19)
> o<k<m k,(m T G (<z>)G,) (<z>), forz¢l,
> o<k<m Ton— k),G(r)GEn p+ 30m, for x € Z.
271
(b) Y. = nBi(<z>)
0<j<m—(r+s) J:
1 (r) (s)
= WG (< x >)G m— k(< X >) fOT’ X ¢ Z,
osksm | (3.20)
m—(r+s) 2j—1 .
Y = jBi(<z>)
j=04#1 7'
1 (s 1
- Z mG )Gm) e T 5m, for x € Z.
0<k<m ’
Corollary 3.3. For each integer | > r + s, we let
1) (s—1 1 s—1
Z kv l, Qk(l - )GIE: 1 )Gl( k )1 _kGl(cT 1 )Gl( )k (- k)Gl(cT)Gz(ik31)'
0<k<I
(3.21)
Then we have the following polynomial identity.
1 , s 2i—1
Z mG; )(l')G,En)_k(Jf) = Z TQm,j_;.lBj(a:), (m > r+8).
0<k<m ’ 0<j<m—(r+s) 7’

(3.22)
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4. THE FUNCTION v, (< © >)

Let ym(2) = X 1<pam-1 MG,(:)(JU)G?_,C(@, (m > 7+ s). Then we will
consider the function

1 T S
Mm(<e>) = Y Gl (<a )Gl a>), (m> 1),
1<k<m-—1

defined on R, which is periodic with period 1.
The Fourier series of v, (< x >) is

00
Z CrT(;n,'r,s)e2m’na:7 (4.1)

n=—ox

where
clm = glmms) — / Ym (< @ >)e 2T dy :/ Y ()22 dg, (4.2)
0 0
To proceed further, we need to observe the following.

l T 8 ]- T S
)= Y (@G ) + 1606, )

1<k<m-—1 m—k
1 r s 1 5
= ) mGi @) (@) + > gG;(f (@) ()
0<k<m—2 1<k<m-—1
- Y (o) @eow
L <2 m—-—k—-1 k =
1 T S 1 T S
+ G (@G (@) + =G ()G (@)
1 r s
=m-1) Y O @6l @)
1<k<m-—2
= (m = 1)ym-1(2),
(4.3)
where we note that Gér)(m) =0= G((;)(ac)
From (4.3), we have
d (1
2 (1@ =@ (1.4

and

[ @ = X (s 1) = 2 ) (15)

m
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For m > 2, we let
Ap = '7'm(1> - ’Ym(o)

_ 1 (r) (s) A1) )
- Z k(m—k) (Gk: (I)Gm—k(l) Gk Gm—k)

1<k<m-—1

1 r— T S— S
= Y (e - aem - nen), - 6

m m—k
1<k<m—1 (m — k)
2 r—1) ~(s—1 (r=1) ~(s)
- Y g - 0G G ke
1<k<m—1

~(m-RGIET ).

From (1.15) and (1.19), we observe that
An =0, (2<m<r+s).
Also, it is obvious that
Ym(0) = m(1) & Am =0,

and

! 1
m dzx = —Apmq1.
/0 Y (x)dz o iml

Now, we would like to determine the Fourier coefficients Cflm).
Case1: n#0

1
C'Elm):/o ,ym(w)e—%rinwdx

1 —omi ]1 1 /1 d i
= — miny —Ym, T Id
2min [’ym(x)e 0 + 2rin Jo (dl”y (z))e T
: L 1 —27minx
- _27Tin (’Ym(l) o ’Ym(O)) + 2N, 0 {(m - 1)'Ym—1(37)6 dx
_m=1 ey L
2min " 2rin” "
from which by induction on m, we obtain
(m = m=bjory
Cn . Z (27_””)‘7 m—]+1
1<j<m—(r+s)
! (m);
= —_— —.Am_ ) )
m._. Z (2min)J g+l
1<j<m—(r+s)
Case2: n=0

1
m 1
C'(() ) = /0 %rl(x)d$ = EAm—Q—L

) _ G,(:)G(S)

m—k

(4.6)

(4.7)

(4.8)

(4.10)

(4.11)

(4.12)

Ym(< @ >) is piecewise C™°. Furthermore, ~,,(< x >) is continuous for those
integers m > r + s with A, = 0, and discontinuous with jump discontinuities at

integers for those integers with A, # 0.

)
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Assume first that A, = 0, for some integer m > r + s. Then 7,,(0) = v, (1).
Hence y,(< = >) is piecewise C*°, and continuous. Thus the Fourier series of
Ym(< x >) converges uniformly to v, (< z >), and

o0

’Y’m(< €T >> = %Am—i-l — % Z ( Z (m)J _A7n7j+1>€27rinm

2min)J
n=-—00,n7#0 1<j<m—(r+s) ( )

1 1 m
=—Apt1+ — Z < .>Amj+1
m m. J
1<j<m—(r+s)
> e2min
( Z 0 (2min)J

n=-—o00,n

X

1 1 m
= —Amp1+ — Z ( .>Am—j+1Bj(< x >)
m m.__ J
2<j<m—(r+s)

LA X Bi(<z>), forx¢?Z,
7o, for z € Z.

(4.13)
We are now ready to state our first result.

Theorem 4.1. For each integer l > r + s, we let
2 r—1 s—1 r—1 s T s—1
A = Z m(Qk(l - k)Gl(g—l )Gl(—k—)l - kGl(c—l )Gl(—)k — (- k)Gl(c )Gl(—lc—)l)’
1<j<i-1
(4.14)
Assume that A,,, = 0, for some integer m > r + s. Then we have the following.

(a) Z1§jgmf1 mG,(:)(< T >)Gf:lk(< x >) has the Fourier series expan-
sion

1 T S
1<j<m—1 (4.15)
1 1 - (m)J 2minT .
= EAm—i_l - % Z { ' Z WAm—j—i—l}e ’
n=—o00,n#0 1<j<m—(r+s)
for all x € R, where the convergence is uniform.
1 T S
O W h) G (<x>)GY (< x>)
1<k<m-—1
1 m—(r+s) m (416)
= — Z < ,>Amj+1Bk(< x >),
m = J
Jj=0,j#1

for all x € R.

Assume next that A,, # 0, for some integer m > r + s. Then 7,,(0) # v (1).
Hence v, (< z >) is piecewise C'*°, and discontinuous with jump discontinuities at
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integers. Thus the Fourier series of 7,,(< x >) converges pointwise to v, (< x >),
for x ¢ Z, and converges to

1 1
5 (m(0) +7m (1)) = 7 (0) + 5 Am, (4.17)
for x € Z.
Now, we are ready to state our second result.

Theorem 4.2. For each integer | > r + s, we let
2 r—1 -1 r—1 ) ~(s—1
A= Z m(%(l - k)chA )Gl(ik—)l _k'Glgfl )Gl(i)k — (- k)Gl(c )Gl(ikjl)’
1<k<i—1
(4.18)

Assume that A,, # 0, for some integer m > r + s.
Then we have the following.

1 1 >

(a) EAm—H - E Z { Z &A }627rinz

- - —j+1
_ (2min)i "I
n=—o00,n#0 1<j<m—(r+s)

T ik G (<2 2GS (< >), fora ¢ L
Yickem-1 T COr Goli + $Am, forxz € Z.

(4.19)

CEID DI () [ RV YCEES

0<j<m—(r+s)
1 T
= Y <)< ). fora ¢ T
1<k<m-—1
m—(r+s)

w3 ()i

§=0,j#1

(4.20)

1 kA S 1
Z mGl(c )Gin)fk + 5Am7 fO’I" T € 7.

Corollary 4.3. For each integer | > r + s, we let
2 r—1 s—1 r—1 s T s—1
Mo Y e DG G GGl ~ (-GG,
1<k<l-1

(4.21)
Then we have the following polynomial identity.

1 T s 1 m
Z k(im — k)GEC )(x)G,(n)_k(fE) = Z ) (j )Amj+1Bk(< x>), (m>r+s).

1<k<m-1 0<j<m—(r+s
(4.22)
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