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INEQUALITIES INVOLVING EXTENDED k-GAMMA AND
k-BETA FUNCTIONS

G. RAHMAN, K. S. NISAR*, T. KIM, S. MUBEEN, AND M. ARSHAD

ABSTRACT. Our aim in this present paper is to introduce some inequali-
ties such as Chebeshev’s inequality, log-convexity, Holder inequality etc.
which involving the extended k-gamma and k-beta function recently
introduced by Mubeen et al. (J. math. anal. Volume 7 Issue 5(2016),
118-131). The obtained inequalities for extended k-beta function are the
generalization of inequalities of extended beta function recently proved
by Mondal (J. Inequal. Appl. (2017) 2017:10). Also, these inequalities
are the extended form of the some inequalities involving k-gamma and
k-beta functions earlier proved by Rehman et al. (J. Inequal. Appl.,
224(1): 2014).
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1. INTRODUCTION

In 1994, Chaudhry and Zubair [1] have introduced the following extension
of gamma function

o0
(1) Ty(z) = /tz_le_t_bt_ldt, Re(z) > 0,p > 0.
0

When b = 0, then I'y tends to the classical gamma function I'. In 1997,
Chaudhry et al. [2] presented the following extension of Euler’s beta function

o0

(2) B(z,y;b) = /t”(l — t)yeff'(lbff> dt
0
(where Re(b) > 0, Re(z) > 0,Re(y) > 0). When b = 0, then By(z,y) =

B(z,y).

In recent years, some extension of the well-known special functions have
been considered by several authors (see [3]-[6]). Diaz et al. ([7]-[9]) have
introduced k-gamma and k-beta functions and proved a number of their
properties. They have also studied k-zeta functions and k-hypergeometric
functions based on Pochhammer k-symbols for factorial functions. For & > 0
and z € C, the k-gamma function is defined by

1.n 21
Tu(z) = lim ik (nk)E "
n—oo (2)n,k
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Its integral representation is also given by,

[e e}
_k
Tk(2) :/tzflert
0
and
Tp(z + k) = 2Tk (2)

The relation between Pochhammer k-symbol and k-gamma function is
given as

~ I'p(z+nk)
(z)n,k - Fk(Z) .
The k-beta function is defined by
]- 7 z_q ¥y_1
(3) Bi(z,y) = Z th (1 —t)k “dt.
0

The relation between k-gamma function and k-beta function is

T ()T (y)
4) By (z,y) = m,Re(I) > 0, Re(y) > 0.
These studies were then followed by works of Mansour [14], Kokologiannaki
[11], Krasniqi [12, 13] and Merovci [15] elaborating and strengthening the
scope of k-gamma and k-beta functions.
Recently Mubeen et al. [16] introduced extended k-gamma andk-beta func-
tions defined by:

o tk pki—k
5 Ly (z) = = le=F T dt.
(5) ()
0
and
1
1 Z_1 g_l _ hlC
(6) By(w,y;b) = 2 [+ (L =tk e FOTOdt.
0

respectively. Clearly if b = 0, then (6) will reduces to the well known k-beta
function (3).

In the same paper, they proved various properties of extended k-gamma
and extended k-beta function. Also they defined further generalization of
the extended k-gamma and k-beta function and k-beta distribution.

2. INEQUALITIES INVOLVING THE EXTENDED K-BETA FUNCTIONS

In this section, we apply some classical integral inequalities such as Cheby-
chev’s inequality for Synchronous and asynchronous mapings, Holder-Rogers
inequality. We will prove several inequalities for extended k-beta functions.
For this purpose of our study we need to recall the following well known
result
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Theorem 2.1. (Chebyshev’s integral inequality [17], p. 40) If f, g:[a,b] = R
are synchronous integrable functions and let h : [a,b] — R be a positive
integrable function, then the following result holds:

b b b b
@ [uwsoi [ < [noda [ aosogoa

a a a a

The inequality (7) is reversed if f and g are asynchronous.

Theorem 2.2. Let x, y, x1,y1 > 0 such that (x — z1)(y — y1) > 0, then

(8) Byk(2,y1)Bi(21,y) < Byk(z1,51)Bok(,y),
for allb> 0.
Proof. Consider f(t) = R g(t)=(1- t)% and

1 = bt

h(t) = 247711 - t)%—lexp[_m}.

Obviously, h is non negative on [0,1]. Since (z — z1)(y — y1) > 0, it follows
that f'(t) = +(z — z)t L and ¢/(t) = Ty — y1)t F 1 have the same
monotonicity on [0, 1] for k > 0.

Applying Chebeshev’s integral inequality (8) for f, g and h, we have

b b
bk 1

l Ry | _ _/ L1 pn¥-1 _
k/tk (I —1t)*% " exp| 7kt(1—t)}dt : (1 —t)R T exp] W=

a a

b b
1 [ =14 vy b* 1/ z_ ¥
<= [tFta-t)F S—— N i Y SR
<3[R el gl | | 1 [0 - 0F el
a a
which is equivalent to (8). O

Corollary 2.3. For m, p > 0, the following inequality holds for extended
k-beta function

1
(26) Byi(x,21) > |Br(w,z) Br(zr,21)| ", k> 0.
Proof. Setting y; = x and y = x1 in Theorem 2.2, we get Corollary 2.3.
By (w,2) By r(z1,21) < Byi(a,21)Byr(z1,2) = [Bys(z, 21)]*.
(|

Theorem 2.4. Let m,p and r be positive real numbers such that p > r >
—m. Ifr(p—m —r) > ()0, then

9) Ly k(m) Lok (p) > (S)Tok(p — 7)ok (m + 7).
Proof. Let us define the mappings f, g, h : [0,00) — [0,00) given by

k  pki—k

f(t) =P, g(t) =1, h(t) = tmflef%* E

If r(p — m —r) > (<)0, then we can claim that the mappings f and g are
synchronous (asynchronous) ]0,00[. Thus, by using Chebychev inequality
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for the interval I = (0,00) along with the functions f, g and h defined
above, we can write

oo

o0
k k,—k k k,—k
/tm_le_tT_b % dt/tp_r_mtrtm_le_t?_b T dt
0 0

oo o0
ph—k
_g)/ /mlf—*tkdt.
0 0
This implies that
(o ) o0
—k
Jroos e
0
o0 o0
k - tk’, bkt—k
/tp rlemw dt/tm“—le—?— Fdt.
0 0
By (5), we get the required inequality (9). |

Corollary 2.5. If p > 0 and ¢ € R with |q| < p, then

(10) Te(p) < [Ck(p — )Tk(p + @)]2.

Proof. By setting b = 0, m = p and r = g in Theorem 2.4, then we get
r(p—m —71) = —¢® <0 and the relation (4) provides the desired Corollary
2.5. For complete study of corollary 2.5 the readers refer to [21]. O

Definition. Two positive real numbers m and n are said to be similarly
(oppositely) unitary if (see (see [19])
(11) (m—1)(n—1) > ().
Theorem 2.6. If m,n > 0 are similarly (oppositely) unitary, then

Fb)k(m + k)l“byk (n + k’)

(12) Dyp(m+n+k—1) > (<) Torlk = 1)

Proof. Consider the mappings f, g, h : [0,00) — [0,00) defined by
ik

FO =t gy =Y h(t) = the F S

Now if the condition (m — 1)(n — 1) > (<)0 holds, then Chebychev integral
inequality along with the functions f, g and h defined above is obtained as

[o0] o0

k k—k P
/tke_%—btk dt/tm_ltn_ltke_%_btk gt

[e0]

phi—k 7 B
/tm o dt/t"’lt’“e’?’ wdt.

0 0
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This implies that

[e.e] (e 9]
/tke*%*bktk—kdt/tm+"+’f*2e*%k*bki_kdt
0
o0 o0
> ( /tm“f 1 *—*bkt{kdt/t"*’“*le*%*bk?kdt.
0 0

By the definition of extended k-gamma function, we have

Fb,k(k + 1)Fb,k(m +n+k-1) > (<) Fb,k(m + k)Fb’k(n + k),
or
Fb’k(m + k)I‘b,k (n+k)

Lpp(m+n+k—1) > (<) Torlht 1)

O

remark 2.7. Ifb = 0, then we have the results of classical k-gamma function
see [21].

Theorem 2.8. If m and n are positive real numbers such that m and n are
sitmilarly (oppositely) unitary, then

(L3)e (k) Lo ((mk + nk + k) > (S)Lo i ((mk + k)T i((nk + k)); b > 0.
Proof. Consider the mappings f, g, h : [0,00) — [0,00) defined by

k k,—k

) =%, g(t) =1, h(t) =t T

If the conditions of Theorem 2.6 hold, then the mappings f and g are syn-

chronous (asynchronous) on [0, c0). Thus, by Chebychev integral inequality
along with the choice of the functions f, g and h defined, we have

[e.e] [e.o]

/tkilef%*hkf};kdt/tmktnktkf%,%fhk[k it
0
x [ee]
> (< /tmktk 1 %dt/tnktk’lef%*bkfk "
0 0

This implies that

o0 o0

P L kbnktk—1 -t oEek
/t - e’Y’Tdt/tm Trktkl o= R dt
0 0
o0 [e.e]
tk bkt—k tk bkt—k
> (S)/tmlﬁLk_le_?_ % dt/tnkJrk_le_T_ T dt
0 0

Thus by definition of extended k-gamma function, we have

Fb,k(k)l“w((mk +nk+k)) > (S)F@k(mk + k)l—‘bk(nk +k).
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remark 2.9. If b =0, then we have the following result of classical gamma

function

(14) y((m+n)k) > (S)kmnr(iiﬁkgk(nk)'

see [21].

Lemma 2.10. (Holder’s Inequality see [22].) If p and q are positive real
numbers satisfying the condition % —+ % = 1, then for integrable functions
fyg: [a,b] = R, we have

[ r@ats | < ([ 1sa) ([ goa)

Theorem 2.11. Let p and q be positive real numbers satisfying the condition
% + % =1, then prove that extended k-gamma function 'y : (0,00) — R is
log convex orlogT'y i, is convex.

Proof. As

QI

(15) Doe( + %) < (Do) (Doiw)7.
(see [16]). Let A = % and (1 —\) = %, then A € (0,1) and

Lo x(Az + (1= A)y) < (Co () (T ().
This implies that
log(Tyk(Az + (1 = A)y)) < Mog Ty () + (1 — M) log Ty i (y)
for z,y € (0,00), thus logT'  is convex i.e., I',  is log-convex. |

remark 2.12. By Theorem 2.11, the function 'y} is log-convex. Also,
every log-convex function is convex [20], so the extended k-gamma function
18 conver.

Theorem 2.13. The function b — By i(x,y) is logarithmically convex on
(0,00) x (0,00) for each fized x,y > 0.
In particular, the following inequalities holds:

. T+ +
(i) B (2 7 240 ? %) < By (w1, 91) By (s, y2),

2
(i1) [Bb,k(w, y)} < Bpr(z +py+ @) Boi(z —p,y — q).
Proof. Let (p,q), (m,n) € (0,00)?, and ¢, d > 0 with ¢c+d = 1, then we have

(16) By i (c(p, q) + d(m,n)) = By i(cp + dm, cqg + dn).
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Applying the definition of extended k-beta function on the right hand side
of above inequality , we get

1

c; m e In _h—k
By i (c(p, q) + d(m,n)) /t . — ) e O it
0
1
B / PR ) () g) o)t (4D gy
0
1 bk k
_ /tc(%_l)td( )(1 _ t) (1 — ) dF-De~ kf(l(‘f)e kfbldf)dt
0

d

I q k¢ 1. bk
= < ftF 1(1—t)k Lo~ R(I=D) > (ftkl l—t le mdt)
0

0

Choose p = %,q = é = (;—7 + % =c+d=1,p >1). Using the Lemma 2.10
, we have

1 k 1 - " k d

< l{/ t%fl(l_t)%fle*mdtr x [/ t?’*l(l—t)?*le*mdt} :
k 0 0

Thus, we get

By, {C(Zh q) + d(m, n)} <z [/fBb k(D Q)r {ka,k(mv n)r

_ petd-1 {Bb,k(pv q)r[BM(m,n)]d.

Here, A = ¢, (1 = A) = d, then A € (0,1) which shows the logarithmic
convexity of B, on (0, 00)2. O

By i (z—k,y—k)

Lemma 2.14. The function b — By r@y)

fized x,y > 0.
Forc=d= %, the above inequality reduces to

is decreasing on (0,00) for

rT1+T2 Y1+ Y2
k * k

To prove (ii), Suppose that x,y > 0 be such that min(z + a,z —a) > 0, then
T1=x+p, xe=xz—pandy1 =y+q, Y2 =y — q in equation (17) gives

(17) Bi i( ) < By (1, 91) By i (72, y2).

2
(18) [Bb,k(l‘, y)] < Byr(r +p,y+ @) Bor(z —p,y — q).
Proof. The log-convexity of By ;(x,y) is equivalent to

d 2 Bpi(z,y)
(19) %( d%b,k(z,y) ) 2 0.

Now one can get the following identity of extended k-beta function

dbnm y) = (- )n(b)nk_"Bbe(w —nk,y—nk);n=0,1,--- /k>0,b>0.
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Thus (19) reduces to

d By i (z—k,y—k)
(21) db ( By i (,y) ) < 0.
Hence the result follows. O

Lemma 2.15. Let f and g be two integrable functions on [a,b] and h :
[a,b] — [0,00) is such that fab h(z)dz > 0. If m < f(t) < M and 1 < g(t) <
L, for each t € [a,b], where m,M,l, L are given real constant. Then

b
f h( iz /f(x g(x)h(x)dx /f 2)h(z)da fh( - /g(x)h(x)da:

< §<M —m)(N —n)
and the constant % is best possible see [10].

Theorem 2.16. Let m,n,p,q and k be positive real numbers and r, s > —k
then, we have

By i (r+k, s+k) B, (m+p+r+k, n+q+s+k)— By  (m+r+k, n+s+k) By p (p+7+k, g+s+k)

1 mEnNE p qk

Proof. Consider the functions defined by
fran(@) =2k Q-2 = f(@) ,  frqle) =2k(1-2)k = g(a),

k

Frs(2) = b (1 —2)te B0 = h(z) , ze[0,1], k> 0.

For the application of Griiss’ inequality, we have to find the minima and
maxima of fq, b(x) (a,b,k > 0). Thus

fab(x) —xk’l(l —x)k Ya — (a +b)z].

Here, we see that the solution of f, ,(z) = 0 in the interval (0,1) is zo = ;4.
Also, f; ,(z) >0 on (0,z9) and f; ,(¥) <0 on (z0,1). We conclude that zg
is the maximum point in the interval (0,1) and consequently

Ma,p = inf ,cp0,1)fap() = 0 = m(say)

8 = ey Ml

Hence, by Griiss’ inequality 2.15, we have

and Mg, = sup -me[O,l]fa,b(x) fa, b(

Ea Y

ok 1 ok

r S ——— P r S —_——

‘/ xk(l—x)*ke ’“ﬂ"(l—ﬂdx./ zk(l—x)kak(l —x)re -0 dx
0

bk

1
—/ a% (1—z)kzk(1—z) ke o= ’>dwx/ x%(l—x)% F(l—z)ke Fal- ’>dw‘
0 0

bk

ros 1
TkSk T El 2
— — [/0 xk (1l —x)kre kel T)dx] .
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Rearranging the terms on left hand side and using the relation (6) with
simple algebraic computation, we reach the required proof. 0

Theorem 2.17. Let p,q, and k be positive real numbers and r, s > —k,
then

By (r+k, s+k) By p(p+r+k, q+s5+k)— By (p+r+k, s+k) By, (r+k, g+s+k)
< 4kak( r+k,s+k).

Proof. Using Lemma 2.15 by considering the choice of functions defined by
ok = f(z), 1—2)% = g(z), fra(z)=a2F(1—2)F = h(z), z € [0,1], k >0,
Clearly, M = L =1 and m =1 = 0. Thus we have the following inequality

By i (r+k, s+k) By i (p+r+k, ¢+5+k)— By i (p+r+k, s+k) By i (r+k, g+s+k)
1
< EBI?J«(T +k,s+k)

|

Lemma 2.18. (see [19] p. 295-310) Let f and g be two integrable functions
on la,b] and h : [a,b] — [0,00) is such that fab h(z)de > 0. Ifm < f(t) <M
andl < g(t) < L, for each t € [a,b], where m, M,l, L are given real constant.
Then

[D(f.g: 1) | < DU, i) ED(g, s )F < (M - me_n)[/:h(t)dtf

where

b
D(f,g:h) / ()t / (0 (t)g(t)dt — / Wt) f(t)dt / h(t)g(t)dt

Theorem 2.19. Let by, ba, z,y > 0. Then the following inequality holds:

(e+y+kae+y+k)— By rplx+ky+k)Byr(z+ky+k)

1

< {nghk@x + k22 + k) — By, p(a + k,x + k)ﬂ 2

B )
‘ (bh+05) % K

N|=

X [Bayy 12y + k, 20 + k) = By, oy + b,y + k)’

bl bk
exp (- 4(*15%))

(22) — Jr+y+1}

Proof. Consider the function

ke
f(t) = %(1_75)% P(—#l_tﬂ

Y y k
o) = ota-nten (- o)
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for t € [0,1] and x,y,b1,b2 > 0. It is clear that f(0) = f(1) = 0 and
g(0) = g(1) = 0. Now for ¢ € (0, 1), we have

21 — k
£ = 100 20 (M)

Since f(t) > 0 and kat(1 —t) + 0¥ > 0on t € (0,1), f'(t) > 0 for t > 3 and
f/(t) <0 for t < 1. This implies

bk
exp (- 4%)
M == T.
Similarly,
exp ( — 4%)
L=———7
4y
Now using f,g as defined above and taking h(t) = 1 for all ¢ € [0,1] in
lemma 2.18 yields (22). O

3. CONCLUSION

In this paper, we conclude that if f and g asynchronous then all the
obtained inequalities will be reverse. Moreover, the obtained inequalities are
the generalization of recently proved result of Mondal [18] and the extended
form of some of the result of Rehman et al. [21]. It is clear that if letting
k — 1, then our obtained results will reduce to the results of extended beta
function see [18]. Similarly, if letting b = 0, then we get some results of
k-beta function earlier proved in [21].
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