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Indirect Influences on Directed Manifolds
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Abstract

We introduce a program aimed to building differential geometric analogues for problems
arising from the theory of complex networks. We study the propagation of influences on
manifolds assuming that at each point only a finite number of propagation velocities are
allowed. This leads to the computation of the volume of the moduli spaces of directed paths.
The proposed settings provide a fertile ground for research with potential applications in
geometry, mathematical physics, differential equations, and combinatorics. The interaction
between differential geometry and complex networks is a new and promising field of study.
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1 Introduction

Our aim in this work is to lay down the foundations for the study of the propagation of influences
on directed manifolds. Our object of study can be approached from quite different viewpoints

as indicated in the following, non-exhaustive, diagram:

Ind. Inf. on Graphs Geometric Control
Indirect Influences on Directed Manifolds

Feyman Integrals Directed Spaces

Our departure point is the theory of indirect influences for weighted directed graphs, which
has gradually emerged thanks to the efforts of several authors — among them Brin, Chung,
Estrada, Godet, Hatano, Katz, Page, Motwani, and Winograd. Although the history of the
subject is yet to be written, we regard the introduction of the Katz’s index [14] as an early
modern approach to the problem of understanding the propagation of influences in complex
networks. Fundamental developments in the field came with the introduction of the MICMAC
[11], PageRank [3], Communicability [10], and Heat Kernel [6] methods. A further method,
called the PWP method, for computing the propagation of influences on networks was pro-

posed in 2009 by the second author [7], which proceeds as follows. Assume as given a network
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(weighted directed graph) represented by its adjacency matrix D, also called the matrix of
direct influences. Then one defines the matrix 7" = T(D) of indirect influences, whose entry
T;; measures the weight of the indirect influences exerted by vertex j on vertex i. The matrix
An

1> where A is a positive real pa-

T is computed using the expression: T = ﬁ > D
rameter: indirect influences arise from the sum of weights of concatenations of direct influences;
the weight of a concatenation of length n comes from the product of n entries of D and the

factor which ensures convergency by attaching a rapidly decreasing weight to longer chains

A

nl
of direct influences. The PWP method has been applied to analyse educational programs, and
to study indirect influences in international trade [8]. The stability of the method with respect

to changes in D and A is studied in [9].

We regard a differential manifold provided with a tuple of vector fields on it — we call such
an object a directed manifold — as being a smooth analogue of a directed graph with numbered
outgoing edges attached to each vertex. Armed with this intuition we pose the question: Is
there an extension of the theory of indirect influences from the discrete to the smooth settings?
We argue that the answer is in the affirmative, and that such an extension both interplays with
several notions already studied in the literature, e.g. control theory [1, 19], Feynman integrals,

and directed topological spaces [12], and also demands the introduction of new ideas.

The background upon which we develop our constructions is the category of directed mani-
folds, see Section 2, a convenient category for studying geometric control theory. Our construc-
tions bring about a new set of problems to geometric control theory, namely, the problem of
computing integrals over the moduli spaces of directed paths. We remark that strong tangency
conditions are imposed in order to insure that the moduli spaces of directed paths — also called
the spaces of indirect influences — split naturally into infinitely many finite dimensional pieces,
each coming with a natural measure. Thus we have a notion of integration over each piece,
which we extend additively to the whole moduli space, leaving the convergency of these sums
to a case by case analysis. In our examples we do obtain convergent sums. These ideas are
developed in Section 3, where we also introduce the wave of influences wu(p,¢) which com-
putes the total influence received by a point p in time ¢, i.e. u(p,t) computes the volume of

the moduli space of directed paths starting at an arbitrary point and ending up at p in time ¢.

Our notion of directed manifolds is strongly related to the notion of directed spaces intro-
duced by Grandis [12], the former yielding a smooth analogue of the latter. In Section 4 we
discuss invariant properties for directed manifolds and for the moduli spaces of directed paths
on them. In Section 5 we study the moduli spaces of directed paths on the product and quotient
of directed manifolds. In Section 6 we study the moduli spaces of directed paths arising from

constant vector fields on affine spaces, which gives rise to fruitful constructions in combinatorics
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and probability theory [4, 20]. We left for future research the problem of generalizing our main

constructions to higher dimensions, this could eventually lead to interactions with string theory.

Notation. For n € N, we set [n] = {1,..,n}, [0,n] ={0,...,n}, and let P[n] be the
set of subsets of [n]. The amalgamated sum of closed subintervals of the real line R is given
by [a,0]]],.[e;d] = [a,b+d—c]. Welet 4 be the Kronecker’s delta function. We write
M ~ N to indicate that M and N are homeomorphic topological spaces.

2 Basic Definitions

We let diman be the category of directed manifolds. A directed manifold is a tuple (M, v, ..., vg)
where M is a smooth manifold, and wvy,...,vx are smooth vector fields on M, with k > 1.
A morphism (f,«a) : (M,v1,...,v5) — (N,w1,...,w;) in diman is a pair (f,a) where
f:M — N is a smooth map, « : [k] — [I] is a map, and the following identity holds
df (v;) = wa), for i € [k]. Let (g,8): (N,w1,...,;w;) — (K, 21,..., z-) be another morphism.
The composition morphism (g, ) o (f,«) is given by (g,8) o (f,a) = (go f,5 o). Indeed
d(gf)(vi) = dg(df (vi)) = dg(wags)) = 28(a(s)) = ZBoali)-

One can think of a directed manifold (M, v1,...,v;) as being a smooth analogue of a finite
directed graph with up to k outgoing numbered edges at each vertex. Points in the manifold M
are thought as vertices in the smooth graph. The tangent vectors v;(p) € T,M are thought as
infinitesimal edges starting at p. The out-degree of a vertex p € M is the number of non-zero
infinitesimal edges starting at p, i.e. the cardinality of the set {i € [k] | v;(p) # 0}. An actual
edge from p to ¢ is a smooth path ¢ : [0,{] — M with ¢(0) =p, ¢(t) =¢, and such
that the tangent vector at each point of ¢ is an infinitesimal edge, i.e. ¢ = v;(¢) for some
i € [k], or more explicitly ¢(s) =v;(p(s)) for all s € [0,t]. We say that p exerts a direct
influence, in time ¢ > 0, on the vertex ¢ through the path ¢. Note that ¢ is determined by
p and the index i of vector field v;, thus we are entitled to use the notation ¢(s) = p;(p, s),

where ¢; is the flow generated by wv;.

Definition 1. Let (M, vy,...,vr) be a directed manifold and p,q € M. The set of one-
direction paths, also called direct influences, D) 4(tf) from p to ¢ developed in time ¢ >0

is given by

{p} if p=gq,
Dpq(t) = {i€[k] | wilp,t) =q}, and D,4(0) =
0 otherwise.
Next we introduce the notion of indirect influences which arise from the concatenation of
direct influences. Our focus is on finding a convenient parametrization for the space of all such

concatenations.

95



96 L. Cano and R. Diaz

Definition 2. Let (M, vy, ...,v;) be a directed manifold and p,q € M. A directed path, also
called a indirect influence, from p to ¢ displayed in time ¢ > 0 through n > 0 changes of

directions is given by a pair (c,s) with the following properties:

e ¢ = (cg,C1,...,¢n) is a (n+1)-tuple with ¢; € [k] and such that ¢; # ¢;+1. We say that
¢ defines the pattern (of directions) of the directed path (c,s). Welet D(n,k) be the
set of all such tuples and I(c) =n+1 be the length of c¢. There are k(k—1)" different
patterns in D(n, k). We often regard a pattern ¢ as a map c:[0,n] — [k].

e s = (s0,...,8,) is a (n+ 1)-tuple with s; € R>9 and such that so+---+s, =t. We
say that s defines the time distribution of the directed path (c,s), and let Al be the
n-simplex of all such tuples.

e The pair (c,s) determines a (n + 2)-tuple of points (pog,...,pnt+1) € M"F2 given by
po=pand p; = ¢, (Pi—1,8i—1) for 1 <i <n -+ 1, where ¢._, is the flow generated
by the vector field v, ,. We denote the last point p,11 by @c(p,s).

e The pair (c¢,s) must be such that ¢.(p,s) = q.

e Directed paths in time ¢ =0 are the same as one-direction paths in time ¢ = 0.

The geometric meaning of directed paths is made clear through the following construction.

A pair (c¢,s) as above determines a piece-wise smooth path

Yes 110,80 + -+ 8,] = [0, s0] |_| |_| 0,8,] — M
50,0 S$n—1,0
such that the restriction of ¢ s to the interval [0,s;], for 0 <i < n, isgiven by ¢c sl[0,5,(r) =
e, (pi,r) for all r € [0, s;]. Indirect influences are exerted through such directed paths. Figure

1 shows the directed path associated to a pair (co,c1, c2, €3, S0, 1,52, 53).

Figure 1. Directed path associated to a pair (cg,c1,c2,cs, S0, S1, 82, S3)-
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We assume that the flows generated by the vector fields v; are globally defined by smooth
maps @;(, ): M xR — M yielding a one-parameter group of diffeomorphisms of M. A
pattern ¢ € D(n, k) defines an iterated flow given by the smooth map ¢, : M xR — M de-
fined by recursion on the length of ¢ as ¢c(p, S0, ---s Sn) = Pe, (Socl[(),n—l] (P, 80y +++s Sn—1)y Sn). Fix-
ing a time distribution (sg, ...,$,) we obtain the diffeomorphism ¢.( , Sg, ..., Sn) : M — M.
These construction justify the notation ¢.(p,s) for the point p,11(c,s) introduced in Defi-

nition 4.

We regard the n-simplex A! introduced in Definition 4 as a smooth manifold with corners.
There are at least three different approaches to differential geometry on manifolds with corners.
First we can apply differential geometric notions on the interior of A!. Second it is possible to
introduce differential geometric notions on A!, by considering objects that are smooth on an
open neighborhood of A! in R™"!. A third and more intrinsic approach for doing differential
geometry on Af relies on deeper results in the theory of manifolds with corners. Although this
more comprehensive approach is certainly desirable, for simplicity, we will not further consider
it.

Proposition 3. For a pattern ¢ € D(n,k), the map ¢, : M x Al — M sending a pair
(p,s) € M x Al to the point ¢.(p,s) € M is a smooth map and a diffeomorphism for a fixed

time distribution s € AL.

Next we introduce the main objects of study in this work, namely, the moduli spaces of

directed paths on directed manifolds, also called the spaces of indirect influences.

Definition 4. Let (M, vq,...,v5) be a directed manifold and p,q € M. The moduli space
I'pq(t) of directed paths from p to ¢ developed in time ¢ > 0 is given by T'p,(t) =

{(67 s) ‘ ec(p,s) = q} =

II II seablews)=a = [ TI To.0-

n=0 ceD(n,k) n=0ceD(n,k)

We also set )
) {p} if p=gq,
Tpqe(0) = T,,0) =
] otherwise,
Figure 2 shows a schematic picture of a component I'j () of the moduli space of indirect

influences.
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Figure 2. Moduli space of directed paths T (t).

e(p,8) = ¢

Theorem 5. The moduli spaces of directed paths on a directed manifold form a topological

category.

Proof. Given a directed manifold (M,vy,...,v;) welet T' =T (M,vy,...,v;) be the category
of directed paths on M. The objects of I' are the points of M. Given p,q € M, the
space of morphisms in T' from p to ¢ is given by Tpg = [],en HceD(n,k) Iy, where
L, = {(st) € R’;BQ | s € Al, ¢c(p,s) = q}. In order to define continuous composition
maps o :1,, x Iy, — I',,, it is enough to define componentwise composition maps
o:Ty, X I‘g’r — I‘f,f;i for given patterns ¢ and d with n =1(c) and m =1(d). We
consider two cases:

o If ¢, #dy, then cxd = (¢,d) and (Sg,..., 1) © (U0, <oy Un) = (805 s Sns Uy ooy Uy, -

o If ¢, =dp, then cxd = (cg,....,cn) * (do, ., d) = (coy-eryCnydi,...ydy) and

(805 -3 81) © (UQy +ey ) = (80y evs Sy F UQy +vy Ui )-

These compositions are well-defined continuous maps satisfying the associative property. The
unique ¢t =0 directed path from p € M to itself gives the identity morphism for each object
pel. U

Remark 6. The moduli spaces T',4(t) can be extended from points to arbitrary subsets of
M as follows. Given A, B C M we define the moduli space of directed paths from A to B
as 'y p(t) = {(c,s) ‘ p €A @lps) e B} = nZo Heenmpts € Al | pe A, gclp,s) €
B} = 11,2, Heen@mr Ta,p(t).  Looking at embedded oriented submanifolds of M and
following techniques from Chas and Sullivan’s string topology [5], this construction gives rise
to a transversal category.

We introduce a few distinguished subsets of M useful for understanding the propa-
gation of influences on M. These sets are usually called the reachable sets in geometric
control theory, and are natural generalizations of the corresponding graph theoretical no-
tions. They also play a prominent role in general relativity [17]. For A C M we set: 1)
Ta(t) = {q € M | Taq4(t) # 0} is the set of points in M influenced by A in time ¢. 2)
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Ta<(t) ={¢g € M | thereis 0 <s <t, suchthat I'y4(s) # 0} is the set of points in M
influenced by A in time less or equal to t. 3) 'y = {g € M | T'44(t) # 0 for some ¢ >0} is
the set of points in M that are influenced by A. 4) T, (t) = {g€ M | Tga(t) # 0} is the set
of points in M that influence A in time ¢, i.e. the set of points on which A depends on time
t. 5) I'y (t) ={q € M | thereis 0 < s <t, such that I'y a(s) # 0} is the set of points in M
that influence A in time less or equal to t. 6) Ty ={ge M |Tga(t)#0 for some ¢t >0}
is the set of points in M that influence A. 7) Fa(t) =0l'a<(t) and F,(t) =0y () are
called, respectively, the front of influence and the front of dependence of A in time t.

Note that a directed manifold M is naturally a pre-poset by setting p < ¢ if and only if
q € I'y. The associated poset is the quotient space M., where the equivalence relation ~
on M isgiven by p~g¢q if and only if g€ I, and pcIy. Thespace M. tell us how
M splits into components of co-influences, i.e. the path connected components of M through

directed paths.

3 Measuring the Moduli Spaces of Directed Paths

In order to measure directed paths on M we assume from now on that an orientation on M has
been chosen. To gauge the amount of indirect influences exerted, in time ¢, by a point p € M on
a point ¢ € M we need to define measures on the moduli spaces I'p 4(t) of directed paths. From
Definition 4 we see that I'p 4(t) is a disjoint union of pieces, one for each pattern ¢ € D(n, k), of
the form I'g (t) = {s € AL, | @c(p,s) = q}. So, our problem reduces to imposing measures on
the pieces F;yq(t). The n-simplex Af is a smooth manifold with corners, and comes equipped
with a Riemannian metric and its associated volume form. Indeed using Cartesian coordinates
l; = 8o+ +si_1, we have that Al = {(11,...,ln) ER" | 0<h <l < <1y < t}.

Thus Af C R" inherits a Riemannian metric, an orientation, and the corresponding volume
form dly A --- Adl,. With this measure vol(Af) = &

n!”

Definition 7. A directed manifold (M, v1,...,v;) has smooth spaces of directed paths if for
any pattern ¢ € D(n,k) and points p,q € M the space of indirect influences T (t) is a
smooth embedded sub-manifold of Af.

For our next result we use the implicit function theorem for manifolds [13, 21]. Let f :
N — M be a smooth map between differential manifolds and fix ¢ € M. If for each
p € f~Y(g) the linear map d,f : T,N — T,M has maximal rank, that is rank(d,f) =
min{dim(N),dim(M)}, then f~1(q) is a smooth sub-manifold of N. If rank(d,f) = dim(V),
then d,f is injective, f is an immersion, and f~!(q) is a set of isolated points. If
rank(d,f) = dim(M), then d,f is surjective, f is a submersion, and f~1(g) is a sub-
manifold of N of dimension dim(N) — dim(M).
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Theorem 8. Let (M,vy,...,u;) be a directed manifold. Fix a pattern ¢ € D(n,k) with
n > 1, and a point p € M. If for any (sg,...,sn) in the open part of I').(t) there are

min(n,dim(M)) linearly independent vectors among the vectors given for i € [0,n — 1] by

dkl@(ci+l,..4,cn,) [UCI(SOC07-»<,Ci(SO7"'7524))} - /UC”(SDC(SO?“an)) e T, c(P,80,-..,8n)"

(Si4+15---»8n)

then I'{ (t) is a smooth sub-manifold of Al

Proof. Fix ¢ € D(n,k) with n > 1, and consider ¢, : M x R*™! — M the iterated

flow associated to c¢. The differential of . naturally split as dp. = dMg. + anﬂcpC.

Consider the map ¢ : A, — M given by ¢(5) = ¢(50, -+, Sn—1) = Pe(Ds 50, s Sn—1,1 — S0 —
- — 8p—1), where we are using the identification Af, = { 8 = (80, .y 8n—1) € RY, Is| =

s+ 4+ 8y,—1 <t }. Inorder to guarantee that Iy qt) = ¢~ (p) is a smooth sub-manifold

of A! we impose the condition that ds¢ has maximal rank for s € ¢ !(p). Next we
compute for i € [0,n — 1] the vectors %(s) = ds(ﬁ(%) € TyiyM. Using the identity

%(@Coymycn)(p, S05 " 5 8n) = Ven(Peq o en (D5 S0, ++ ,Sn)), one can show that g—i(s) is given

by d]VISOci+1,...,cn,( )[Uci(‘;@cg,“.,ci(s&---75i))] - Ucn(ﬁgco,m,cn(so»'--7877.))7 where we
Sit1y--Sn—1:5n

recall that s, =t — |5|7 dN[@Cz+17-»-,Cn = dWCn( ,t— |SD © -+ 0 dM‘)OCzwrl( 7Si+1), and

Peprnci (805 <00 8i) = Pe; [Peo,.nei1 (805 -5 Si—1), 53] for 4> 1. Thus the rank of ds¢ is maximal
at each point s € ¢~1(g) if and only if there are exactly min(n,dim(M)) linearly independent
vectors among the vectors %(s) given by the expression above. We have shown the desired
result. O

Corollary 9. Under the hypothesis of Theorem 8, the interior of the moduli space F;"q(t) is

an oriented Riemannian sub-manifold of Af,.

Proof. We use oriented differential intersection theory as developed by Guillemin [13]. Since
I ,(t) is a smooth sub-manifold of A, it acquires by restriction a Riemannian metric. The
orientation on I'; (¢) arises as follows. For s € I' (t) write T,AlL ~ N,I'S (t) & T.I'§ (1),
where NI (t) ~ T,AlL /TS ,(t) is the normal bundle of T¢ (t). Note that dsp(T.AL) =
TyyM and thus ds¢ : NI ((t) — TyyM is an isomorphism. Since TsAl s oriented,
and NST;q(t) acquires an orientation from the isomorphism above, then TST;q(t) naturally

acquires an orientation. |

For a directed manifold with a smooth moduli space of directed paths each piece F;,q(t) C
Al acquires from Al a Riemannian metric. If in addition we assume that each piece I'j ,(t)
is given an orientation, then I'j (¢) acquires a volume form denoted by dl.. As we have just

shown this is the situation arising from the conditions of Theorem 8. We are ready to highlight
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a few functions on the moduli spaces of directed paths, for a fix a time ¢ > 0, that one would

like to integrate against these measures.

1. Volume of Moduli Space of Directed Paths. Each component I‘;,q(t) of the space
of indirect influences is compact and thus of bounded volume. We define the volume or total
measure of I'p.(t), leaving convergency issues to be discussed on a case by case basis, as
follows:

vol(lyg) = [ 1d -y 3 / =S Y el (1),
Tpa(t) n=1 ceD(n,k) Pq(t) n=1 ceC(n,k)

2. Functions on directed paths coming from differential 1-forms on M. Let A be a

differential 1-form on M. We formally write

/Fp,q(t) Z z /

n=1 ceD(n,k)

where the map A : g (t) — R is given by A(c, s) fo oA = ZZ(C) T e 0,54 with
s:[0,s0+ -+ s, —> M the directed path associated to (c,s) € an( ).

3. Functions on directed paths from Riemannian metrics on M. Let g be a Riemannian

metric on M. We formally write
—1 7l
e "9 dl / 9 dl.,
o™ =2 2,

where el : Iy ,(t) — R is the map given by e lo(c,s) = elol®es) and Iy(p.s) is the
length of the path ¢, i.e.:

l(c) I(c)
bies) = D hlealoa)) = 3 | (o et oo du
=0

4. Functions on direct paths from functions on M. Given a smooth map f: M — R

we formally write

/ =3 X [ s
Fp.q(f) n=1 ceD(n,k) g q(t)
with po =p and piy1 = @ (piys;) for 0<4i<n.

5. Functions on directed paths from Lagrangian functions on 7M. Let L :TM — R

be a Lagrangian map. In the applications L is usually built from a Riemannian metric g on
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M and a potential map U : M — R as L(p,v) = g(v,v) — U(p). Given a Lagrangian
L we consider the following analogue of the Feynman integrals:

ig - ig
ern” dl = / en” dl,
/Fp,q(t) Z Z re @)

n=1 ceD(n,k)

where we set ei”( (s,

c,s) = en and the action map S is given by

" I(c) s
S(e,s) = /0 L(ers (), Ges() du = 5 /0 L(esslj0.01 (), Peslios () du.
=0

We have shown how to construct and integrate functions on the moduli spaces of directed
paths on directed manifolds, let us pick one such a function and call it h. Integrating over
the moduli spaces of directed paths we obtain the kernel for the propagation of influences
k:Mx M xR — R which is given by k(p,q,t) = frm(t) h dl.

Definition 10. Let (M, vy, ...,v;) be an oriented directed manifold with smooth moduli space
of directed paths. M is given a Riemannian metric, and thus it acquires a volume form. Let
f: M — R be a map representing the density of influences originated at time ¢ =0. Let g¢
be a map on directed paths, and consider its associated kernel of influences k = k;. The wave

of influences u: M xR>y — R is the map given by

u@t) = [ ka0 dp
p€ely (t)
where we assume that T'; (t) is a compact oriented smooth sub-manifold of M; thus it acquires

by restriction a Riemannian metric, and comes with a volume form dp.

4 Invariance, Involution, and Limit Properties

Let (M,v1,...,v;) be a directed manifold and f: M — N be a diffeomorphism. Then we
obtain the directed manifold (N, f.v1,..., fxvr) where the push-forward vector fields f.v;
are given for ¢ € N by f.vi(q) = dpf(vi(p)), with p = f~1(g). With this notation we have
the following result.

Theorem 11. Let (M, v, ...,v;) be a directed manifold and f: M — N be a diffeomor-
phism. For p,q € M the identity map gives a natural homeomorphism I‘%I(t) ~ I‘le(p%f(q) (t)-
Moreover, if (M, v1,...,v;) has a smooth moduli space of directed paths, M and N are oriented
manifolds, and f is an orientation preserving diffeomorphism, then the identification above is

an identity between Riemannian manifolds, and thus vol(I'} (¢)) = vol(F]Jy(p) @) (t)).

Proof. We show that s € Tp%°(t) if and only if s € F}ZY(’;) f(oy(£)- By construction we have
that  f(@u(P,1)) = @f.u)(f(p),t), and thus by induction on the length of ¢ we have that
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F(©u,e,s(0,1)) = @fives(f(),t). Therefore the equations ¢, .(p,s) =¢q and @fq,(f(p),s) =
f(q) are equivalent. To show the second statement, note that the identity map I}JXI ) —

I‘;V(”;) f(q)(t) preserves orientation. Indeed since the identity map preserves the splittings
M, M, b N, N, .

T AL ~ NIpif(t) @ TsIpg®(t) and T,A! ~ NI p®) @ TLpl o)1), we just

have to show that N,I[A%C(t) and N,I' }\E’;) @ (t) are given compatible orientations. This

follows by construction, see the proof of Theorem 8, as the square

dsdu,c

NSFZC,’q(t) T¢u,c(8)M
1 df
N,c dsqﬁf*v,c
N5 @) Ty, ()N

is a commutative diagram of orientation preserving isomorphisms, see Corollary 9.
O

Next result tell us how the moduli spaces of directed paths depend on the ordering on vector
fields.

Proposition 12. Let (M,v) = (M,v1,...,v;) be a directed manifold and « : [k] — [k] be
a permutation. For the directed manifold (M,va) = (M,va1, ..., var) We have that T (f) =~
3% ().  Moreover, if (M,v) is oriented and has a smooth moduli space of directed paths,
then so does (M,va) and we have that vol(T) ,(¢)) = vol(T'y% (¢))-

Proof. Associated to the permutation « we have the map ay : T} (1) — Tp%(t) given
by a.(c,s) = (a~lte,s). It follows that o, is an homeomorphism as its restriction map
ay : Tpg(t) — Th%™ °(t) is just the identity map and is a well-defined homeomorphism since
Craa-1c(Ds8) = Pu.aa-1c(0, 8) = @ue(p,s) = ¢. In the case of smooth moduli spaces of directed
paths, the map above is clearly orientation preserving, since it is just the identity map, and we

have a commutative diagram of orientation-preserving isomorphisms

dybuc
NTpg(t) Ty, .(ssM

1 1

dsbya,a—1c

1
NSFZ?:I’Q c(t) Ty —1C(S)M

v,

O

From Theorem 11 and Proposition 12 we see that the invariant study of directed paths
on a directed oriented manifold M relies on the study, for k£ > 1, of the quotient spaces
X(M)E/Diff (M) x Sj, where x(M) is the space of vector fields on M, Sj the group of

permutations of [k], and Diff(M); is the group of orientation preserving diffeomorphism of
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M, i.e. the study of equivalence classes of tuples of vector fields under diffeomorphisms and

permutations. Next we define the direction reversion functor — : diman — diman. It sends
a directed manifold (M, vy, ...,v;) to its reversed directed manifold (M, —vq, ..., —v).
Proposition 13. Let (M,v1,...,v5) be a directed manifold and (M, —v1,...,—vg) its re-

versed directed manifold. Given A, B C M we have canonical homeomorphism I'y 4 p(t) =~
I'_y,B,4(t). Therefore the respective reachable sets are related by ', a(t) =T, 4(t), T'—p a,<(t) =~
Foa<t), Topa=T 4, Foya(t) =0l (). If (M, v,...,v) is oriented and has a smooth
moduli space of directed paths, then so does (M, —wv1,...,—vg) and the maps above are actually

diffeomorphisms which may or may not preserve orientation.

Proof. Wedefineamap () : 'y ap(t) — I'—y B,a(t) asfollows (c,s) = (co, ... Cn, 50, -y Sn) =

(©,3) = (cny ey COs Sy ooy S0)-  This map is an homeomorphism since the map () : D(n,k) —
D(n, k) is bijective, and the map () :1¢ 4 p(t) — I°, 5 4(t) is an homeomorphism as the
equations ¢, .(p,s) =¢ and ¢_,z(¢,5) =p are equivalent. a

5 Indirect Influences on Product/Quotient Manifolds

Let (M,v1,...,v;) and (N,uq,...,u;) be directed manifolds. The natural isomorphism T'(M X
N) ~ 7y, TM&n TN, allows us to consider (M XN, v1,..., 05, U1, ..., 1) as a directed manifold,
where one should more formally write (v;,0) instead of v;, and (0,u;) instead of u;. Recall
that diman is the category of directed manifolds, and that we are allowing in diman manifolds

with connected components of different dimensions.
Proposition 14. The product defined above gives diman the structure of a monoidal category.

Fix A C [n]. We say that a map c¢: A — [k] is a pattern if ¢(i) # c(i + 1) for all
contiguous elements i, i + 1 € A. Thus a pattern for the product manifold M x N is given
by amap ¢ : [n] — [k +1] =~ [k] U [I] such that its restrictions ¢/ : ¢ '[k] — [k] and
cle-1py : ¢ H[] — [I] are patterns on ¢ '[k] and ¢ '[I], respectively.

Proposition 15. Let (p1,p2), (q1,q2) € M x N, and let c¢:[n] — [k]U[l]] be a pattern.
MxN, ¢ N FN’ clo—1p FN, el—1p

We have a canonical homeomorphism L s o) (a1,02) b1, q1 X Tpy, gs

MxN, ¢ MxN, ¢
r (t) C

(p1,p2):(q1,92) "/ = © (P1,p2),(91,92) to the pair

Proof. The desired homeomorphism sends s €

N, el —1p N, ¢|.—1
(s|c_1[k]7 S‘c_l[l]) € FIJh 31 [k](a) X FpZa q2 [l](tfa% where a = Z S
i€c k]

a

Next we consider the moduli spaces of directed paths on quotient manifolds. Let M be a

smooth manifold, G a compact Lie group acting freely on M, and assume that the directed
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manifold (M, vy, ...,vx) is invariant under the action of G, ie. dpg(vi) = v;(gp) for all p €
M, g € G. Then M/G is a smooth manifold and it comes with a smooth quotient map
pi : M — M/G, which induces a surjective map dr : TM — T(M/G), and canoni-
cal isomorphisms d,m : T,M/T,(Gp) — T5(M/G). Note also that we have isomorphisms
TH(M/G) ~ (@geG TgpM) /G. Thus we obtain the directed manifold (M/G, By, ... , )
with v; = dﬂ'(’()?;).

Theorem 16. Let (M, v1,...,v5) be a directed manifold, invariant under the action of the
compact Lie group G, and let p,q € M. Then (M/G, Ty, ... ;) with v; = dn(v;) is a

. . 1/G
directed manifold, G acts naturally on Flcb:[p,aq (t), and we have that 5@/ (t) ~ (Fg{p,cq (t))/G
Proof. The result follows from the fact that there are G-equivariant homeomorphisms F%Gq (t) —

g%/G(t) and F%Gq(t) — (Fglp’cq(t)) /G. As the vector fields v; are G-invariant, the cor-
responding flows ¢; are also G-invariant: ¢;(gp,t) = gpi(p,t), and therefore ¢.(gp,t) =
9pe,s(p,t) for any pattern and time distribution (¢, s). This shows that G acts on F%;’Gq(t),
and that T} (t) ~ M (t) for p,g € M. A pair (c,s) defines a directed path from p
to ¢ in M/G if and only if $.(p,s) = ¢q. If the latter equation holds we have that
Te(p,s) = P.(D,s) =q and thus ¢.(p,s) € Gq. Therefore (c,s) defines a directed path

from p to ¢ if and only if (c,s) defines an indirect influence from p to Gg. So we have

shown that the map Fngq(t) — ;V%/G(t) is a G-equivariant homeomorphism. Similarly, if
a € Gp, then ¢.(p,s) =7q if and only if .(a,s) = ¢.(gp, s) = gee(p, s) belongs to Ggq. Thus
the map F]JJV[Gq(t) — F]C\i,.Gq (t)) /G is a G-equivariant homeomorphism. |

6 Directed Paths for Constant Vector Fields

As a first and pretty workable example, linking the theory of indirect influences on directed
manifolds with linear programming techniques, we consider constant vector fields on affine
spaces. Fix a directed manifold (R?, vy, ...,v) where the vector fields v; = Zd

=1 aij%, have
constant coefficients a;; € R for i€ [d], je€ k]

Theorem 17. Consider the directed manifold (R? vq,...,v3). Fix a pattern ¢ € D(n,k) and
points p,q € R%  The space of directed paths I‘g,q(t) is the convex polytope given on the
variables s € ]Rggl by the system of equations: a;.yso + *+ + Gic(n)Sn = ¢ —pi, fori € [d],

and sg + -+ +s, =1.

Proof. The result follows from the fact that the solutions of the differential equation p = v,

where v is constant are of the form p(t) =a + vt, with initial condition p(0) = a. |

Theorem 18. Consider the directed manifold (R?, v1,...,v;). For p,q € R the volume of
the space of directed paths T'y (t) is given by vol(T'j ,(t)) = vol(Conv(us)), where Conv(ur)
is the convex hull of the vectors u; defined by the following conditions:
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e [ C[d] is a subset of cardinality n. The entries of u; € RZ}" vanish for indexes not in
I.
e For a matrix A we let A; be its restriction to the columns with indexes in I. The set

I must be such that det( /ic > # 0.
I

. . . . A -
e u; is the unique solution of the linear system ( 1° ) uy = ( q . p ) .
I

Proof. From Theorem 17 and results from linear programming [16, 22] one have F;’q(t) =
Conv(uy). O

6.1 Dimension One

Below we use the following well-known identity involving the classical beta B and gamma TI"

functions:

Fn+1L)I'(m+1) nlm!
T(n+m+2)  (n+m+D

1
/ s"(1—s)"ds = B(n+1,m+1) =
0

Theorem 19. Consider the directed manifold (R, d%, fd%). For z,y € R we have that

vol(To(t)) =0 if |z| > ¢, vol(To(t)) =1 if |z|=t, and otherwise:

oo

vol(To (1) = > [2

n=0

t+x)"(t —x)" t+x)"(t—x)" 7. _an
( )n'(2 : +t( (nl—(l)'n') ]2 .

Furthermore, vol(I';(t)) = vol(T'g4(t)) and vol(I'y,(t)) = vol(Tgy—z(t)). The wave of
influences for ¢ > 0 is given by wu(z,t) = 4(et —1).

Proof. Fix x € R and a pattern ¢ € D(n,k). The space of directed paths I'G .(¢) is the
polytope given by > ((—1)%s; =« and > ;s; =t. Since we have just two vector fields,

a pattern (cg,...,c,) is determined by its initial value ¢g. Figure 3 shows the directed path

associated to the tuple (7,5,3,7) € Fgéiéf)
—
—2 0 2 5 7

(1,2,1,2)

Figure 3: Directed path associated to the tuple (7,5,3,7) € F(O Zo)

We distinguish four cases taking into account the initial value cg and the parity of n. Consider
the pattern (1,2,...,1,2) of length 2n, for n > 1. Then T (¢) is the polytope given by

Zfﬁal(—l)zsz =z and E?ﬁal s; = t. Setting Z;L;Ol so; = a and 3.0 so41 = b, the



Indirect influences on directed manifolds 107

previous equations become a —b=x and a4+ b=1t, with solutions a = HTZ and b = t*Tw
By definition a,b > 0, thus we must have |z| < ¢ in order that I'§ .(t) # 0. For |z|<t, we

have that T .(¢) = Ap_ () x Ap_1(%5%), and therefore vol(T'§ (1)) = %

For the pattern (1,2,...,1,2,1) of length 2n + 1, with n > 1, we get

£ — X ) (t — x n—1
vol(I'g . (1)) = vol[An(t%) « An—l(t )} _ (t+a)(t—a)

2 22n=Inl(n — 1)!
The pattern ¢ = (2,1,---,2,1) of length 2n, with n > 1, leads to
t—x t+x (t +a2)" Lt —a) L
Vol(T5,(1) = vol[Ana(—57) x Awa(5 )| = 575 )P
For the pattern ¢ =(2,1,---,2,1,2) of length 2n+1, with n > 1, we get that
. t—zx L+ (t+ )"t — )"
vol(T.(8)) = ol [A"(T) X Bl )} T2 (n - Dl

Therefore vol(T'o.(t)) is for |z| <t given by:

oo t+xn71t7$n71 t+1‘"t71‘"71 t+.’L’"71t71‘" 1on
2[4( )(n 7(1)!2 ) + ( n!)(n(fl)!) ( n')(n 7(1)! ) ]2 ’

n=1

yielding the desired result.

Applying Theorem 11 we obtain that vol(I'y(t)) = vol(I'z—zy—z(t)) = vol(Tgy—z(t)). In
particular we get that vol(I';o(¢)) = vol(I'o,—»(t)). The explicit formula for vol(I'y,(t)) given
above yields vol(T'o,—4(t)) = vol(T'o+(¢)). Making the change of variables y —x — y we get:

T+t t t
u(z,t) = / vol(Lg z—y(t))dy = / vol(Lg,—y (t))dy = / vol(Ly , (t))dy = u(0,1).

—t t —t

To compute u(0,t) we make the change of variable y = #(2s — 1) in the integral

/jt i [2 ttyt—y" (E+y)"t- yy”]g”"dy =

n!? (n+1)!n!
oo t2n+1 e t2n+2 .
4 B m—— 4 —— = 16sinh 1 h(t) —1) = 4(e" —1).
z:: e ; R 6sinh(t) + 16(cosh(t) — 1) (e — 1)
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6.2 Dimension Two

Consider the directed manifold (R? %, %), and let I'(z,y) = T(0),(a,y) be the moduli
space of directed paths from (0,0) to (z,y). Note that such influences can only happen at
time ¢t = x +y, and thus there is no need to include the time variable in the notation. Figure
4 shows the directed path associated to the tuple (1,3,2,1) € D121 (4, 3).

4“
3i
2

1023 s

Figure 4. Directed path associated to (1,3,2,1) e DI&L21 (4, 3).

In our next results we use the following notation. For k € N we set

nyn+k: n+ky

ik(x,y):gm and  i_p(@,y) =iy, ) = Zm

Lemma 20. For I,;m € N and k € Z we have that %%ik(z,y) = 4—myk(x,y). For

k € N, the function ig(x,y) is given in terms of the modified Bessel function Ix(z) by
ik(x,y) = ac*%yglk(l/ 7), where we recall that I,,(z) = ()" > 0o, n'lgi/fr)LH) For k e N,
we have that Ij(z) = ir(5,5).

o 0

6_1’ a_y)

Theorem 21. Consider the directed manifold (R?,

1. There are no directed paths from (0,0) to a point (z,y) ¢ Rng
2. vol(T'(z,0)) = vol(I'(0,z)) = 1, for = € Rso.

3. For (z,y) € R%,, the moduli space I'(z,y) of directed paths from (0,0) to (x,y) has

volume

o n+1yn xnyn xnynJrl
vol(T'(z,y)) = i—1(x,y) + 2ip(x,y) + i1(x,y) Z ( EESY + 2 Ep —+ T 1)|)

4. The derivatives of the function vol(I') = vol(T'(z,y)) are given by:

o om

oz la mVOI(F> = U—m— 1($ y) + 20— m(z y) + G- m+1(a' y)
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5. We have that %%VO](F) = vol(T).

6. Only points (z,y) € ]RZZO on the segment =+ y =t receive an influence from (0,0)
at time ¢ > 0. Among the points on this segment, the highest influence from (0,0)
is exerted on the point (%, %), the volume of the moduli space of directed paths from

(0,0) along the line of maximal influences is given by

vol(T(£, ) = ziQJ%)g.

n=0
7. The wave of influences u(x,y,t) is given for ¢t >0 by wu(z,y,t) = 2(e! — 1).

Proof. Ttem 1 is clear, and item 2 simply counts the influences that arise, respectively, from the
patterns (1) and (2). Let us show 3. Since k =2, a pattern (co,...,c,) is determined by
its initial value ¢o. For (z,y) € ]R2>0 we distinguish four cases taking into account the initial

value o and the parity of n.

e Patterns (1,2,..,1,2) and (2,1,...,2,1) of length 2n, for n > 1, have a contribution

of vol(A%_,)vol(AY_|) = % to the volume of the moduli space of directed paths.

e The pattern (1,2,...,1,2,1) of length 2n + 1, for n > 1, have a contribution of
n,n—1

vol(AZ) vol(AY_,) = % to the volume of the moduli space of directed paths.

e The pattern (2,1,...,2,1,2) of length 2n + 1, for n > 1, have a contribution of
n—1,n

vol(AZ_,) vol(AY) = (1;17—1),71, to the volume of the moduli space of directed paths.

Putting together the three summands we obtain that

oo xn—lyn—l :L-"y"_l x"‘ly”
vol(T'(z,y)) = 2; (2 (n— 1)!2 + n!(n — 1)! + (n — 1)!77/!)’

an expression equivalent to our desired result after a change of variables. Clearly, vol(T'(z,y))

is symmetric in z and y, thus item 4 follows.

Ttem 5 follows from item 3 and Lemma 20. Item 6 is a particular case of item 5. Let us show
item 7. Let vol,(I'(z,y)) be the n-th coefficient in the series expansion of vol(I'(z,y)) from
item 3. The points influenced by (0,0) at time ¢ are of the form (s,t—s) with 0 <s <.
Thus:

vol,(T'(s,t —s)) = (st — 52)"_1((n _21)!2 + 0 —tl)!n!)'

Therefore %Voln (T(s,t—8)) = (n—1)(st—s2)""2(t—2s) (ﬁ + m) The sign of this
expression is determined by the sign of (¢ — 2s), as the other factors are positive. Thus the
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volume of the moduli space of directed paths from (0,0) exerted on time ¢ achieves a global

maximum at the point (§,%), and we have that vol(T'(t,t)) = 23 07 (f% + %)

2 () + (e~ 25 ()

Item 8. By translation invariance the wave of influence is independent of z,y. Thus we have

that
't

t
u(z,y,t) = u(0,0,t) = /VOl(F( s,5-1),0,0)(1))ds = /0VOI(F(O,O),(s,tfs)(t))ds =

t n sn+1(t _ S)n Sn(t _ S)n+1

(st — )d -

/0 (s, =) ;}/ + (n+1)n! + nl(n + 1)! s
t27z+1 t2n+2

Z(2n+1), + 72(271—0—2)' = 2(sinh(t) 4 cosh(t) — 1) = 2(e' —1).

n=0

O

Next we consider the moduli spaces of directed paths on the torus 72 = S' x S1. We use
coordinates (z,y) € R? representing the point (e>™® e>™¥) € T2. Consider the vector fields
on T? given in local coordinates by % and %. The moduli space of directed paths on the
torus T2 from (1,1) to (e?™® ¢2™%) exerted in time ¢ > 0 is denoted by T'(e?™® 27 ).

Recall that D(e?™® 2™ ) is the set of one-direction paths.

Theorem 22. Consider the directed manifold (72, 8%, d% .

1. For z,y € (0,1) we have that vol(D(e?™* 2™ ¢)) = 0.

2. For z € (0,1] we have that vol(D(e?™™@ 1,t)) = vol(D(1,e*™* t)) = >°°_ (¢, x +m).

m=0

3. For (wz,y) € (0,1)2, the moduli space I'(e?™™® 2% t) of directed paths from (1,1) to
(e2mT e2™W) is empty unless t =z +y+m for some m > 0, and in the latter case we

have that: vol(T'(e?™® 2™ z 4y +m)) is given by

o4 k) (y + 1 T+ k) (y + )"
kHZ_ ZO(Q + y+) +(m+y+k+l)—( j(Lnj)Lg';;) )

4. vol(['(e?™® 2™ g 4+ y +m)) is a symmetric function in z and y.

Proof. We can compute indirect influences on the torus as sums of indirect influences on the
plane, indeed we have that vol(I'(e*™*, 2™ z+y+m)) =, vol(T'(z+k,y+1l,z+y+
m)) =

z+ k)" (y+ )" x4+ k)" Py 4+ z+ k)" (y+ )"t
ZZ(( "y +D"( Ty +or )(y)>_

W= n!2 (n+1)n! nl(n+1)!
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6.3 Higher Dimensions

Let us first introduce a few combinatorial notions. Given integers mni,...,ny € Nsg we
let Shg(ni,...,ng) be the set of shuffles of ny + --- 4+ ng cards divided into k blocks of
cardinalities nq,...,ng. Recall that a shuffle is a bijection « from the set [1,m1+---+ng] =~

[1,n1]U---U[1,ng] toitself such thatif ¢ < j € [1,ns], then a(i) < a(j) € [1,n1+--+ng.
When we shuffle a deck of cards split in several blocks, we intertwine the cards in the various
blocks, without distorting the order on each block. We say that a shuffle is perfect if no
contiguous cards within a block remain contiguous after shuffling, i.e. a shuffle « is called
perfect if for 4, i+1 € [l,ng] we have that (i) +1 < a(i+1) € [1,n1+ -+ ngl.
Let PShi(ni,...,ng) < Shg(ni,...,ni) be the set of perfect shuffles, and psh;, be the

corresponding exponential generating series given by

ni Nk
_ o B
pshy(e1,...ow) = Y [PShp(ng,... )l T

nl,AAA,nk€N>[)

A subset A C [m] is called sparse if it does not contain consecutive elements. Let Sy[m]
be the set of all sparse subsets of [m] of cardinality k. Let p(m,k) count the numerical
partitions of m in k positive summands.

Lemma 23. For 1<k <m €N, we have that |Sk[m]| = p(m—k,k—1) + 2p(m—k, k) +
p(m —k,k+1). For ny,...,n; € Nsg, then |PShig(ni,...,ng)| counts ordered partitions of
n1 + ... + ni with sparse blocks of cardinalities ng,...,ng.

Consider the map | | : C(n,k) — NF, sending a pattern ¢ € C(n,k) to its content
multi-set given by the sequence |c| € N¥ such that |c|; = [c"!(i)|]. The support of a pattern
¢ is the set s(c) C [k] with i€ s(c) if and only if |c|; # 0.

111

Lemma 24. Fix (ni,...,n;) € N¥. Then ’{c e C(n,k)|lc| = (nl,...,nk)}’ = ‘PShk(nl,...,nk)’.

Consider the directed manifold (R*, 6%17 e Bimk) The moduli space of directed paths

from (0,...,0) to (z1,...,2x) is denoted by I'(x1,...,x). Such paths can only happen at
time t=x1+ -+ + Tk

Theorem 25. Consider the directed manifold (R¥, %, R ai)'
1 T

1. There are no directed paths from (0,...,0) to any point (x1,...,zx) ¢ R’§0~

2. vol(D(O,.,.,O,;%O,...,O) =1, for z€R5¢ and i€ [k].
v

3. For (z1,...,2x) € Rgo, with at least two positive entries, the moduli space I'(z1,...,z)
of directed paths from (0,...,0) to (x1,...,2;) has volume
lAl
vol(T'(z1,...,2x)) = ansh|A|(wA).
acy A

[A[=2
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4. vol(I'(x1,...,x)) is a symmetric function in the variables z1,...,zg.

Proof. Properties 1 and 2 are clear, let us prove 3. Recall that
vol(T'(z1,...,z)) = Z Z vol(T(x1,...,2k)),
n=1 ceC(n,k)

where the volume of the moduli space of directed paths with a fix pattern ¢ € C(n, k) is given
by

L|Jf1
vol(T(x1,...,x)) =
e
Thus a pattern ¢ € C(n,k) with support s(¢) = A C [k], with |A] > 2, contributes to
the monomial %, if and only if |¢|; = n;+1 for i€ A, and n; =0 for i ¢ A.

Therefore the total contrlbutlon of the patterns with support A to this monomial is given

by |PShj4(na + 1)| ngA 77 Where ng s the vector obtained from the tuple (ni,...,nk)
by erasing the zero entries, and na+1 is the vector obtain from n4 by adding 1 to each entry.

Summing over the n;, and setting x4 = (2;);ca, we obtain that the total contribution of

the patterns with support A to the volume of the moduli space of direct ed paths is given by
"j 9l Al

> [PShig(na+1)| H 6,:CAPShm\(iM)

n;€EN; jEA ]EA

Adding over all possible supports A C [k], with |A| > 2, we obtain the desired result.

4. For a permutation o € S, we have that vol(T'(z4(1),---,To@k)) is given by
HloAl oAl
Z Er 2 Pshjga((z54) = (9 ~—pshjq(za) = vol(I'(z1,..., 7).
AC[k] 9 AC[k
|A|>2 |A|>2
O
Next we consider directed paths on the k-dimensional torus TF = S! x ... x S'. We
use coordinates (z1,...,xx) € R* representing the point (e?®1,... e2™®x) ¢ T* Consider
the constant vector fields on T* given in local coordinates by 8%1, , %. The moduli
space of directed paths on T% from (1,...,1) to (e2™®1 ...  ?™@) exerted in time t > 0
is denoted by T'(e?™™@1 ... €2™k t). Recall that the set of one-direction paths is denoted by

D(627ri1717 L ’627Ti1)k7 t)



Indirect influences on directed manifolds 113

Theorem 26. Consider the directed manifold (T*, %, cee ai).

1 L
1. For z1,...,7, € (0,1], with at least two entriesin (0,1), we have vol(D(e?™™@1, ... 2™k t)) =
0.

2. For = € (0,1] we have that:
) [ee]
vol(D(L...,62;”,...,1,@) = > 0tz +m).
3. For z1,...,2; € (0,1], with at least two entries in (0,1), the modulispace I'(e?7™1 ... 2™k ¢)

of directed paths from (1,...,1) to (™1 ... 2™k} isempty unless ¢ = x1+---+ap+m
for some m > 0, and in the latter case we have that:

. ) oAl
vol(['(e2™®1 ... ¥ @ g ... f a1, 4+ m)) = Z Z psh‘A‘ TA 4+ my).
mi+...4+mp=m AC
\A\>2
4. vol(T(e?™®1 ... €2™%k x4+ ...+ 2, +m)) is a symmetric function on 1, ..., .
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