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ABSTRACT. In the present paper, we consider a semi-symmetric semi-metric
connection in a Lorentzian S-Kenmotsu manifold. We investigate the curva-
ture tensor and the Ricci tensor of a Lorentzian 8-Kenmotsu manifold with a
semi-symmetric semi-metric connection. Moreover, we consider pseudo projec-
tively flat, £-pseudo projectively flat and ¢-pseudo projectively semisymmetric
Lorentzian 8-Kenmotsu manifolds with a semi-symmetric semi-metric connec-
tion and obtain the scalar curvature r in each case.
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1. Introduction

In 1969, S. Tanno classified connected almost contact metric manifolds whose
automorphism groups possess the maximum dimension [10]. For such a manifold,
the sectional curvature of plane sections containing £ is a constant, say c. He showed
that they can be divided into three classes: (1) homogeneous normal contact Rie-
mannian manifolds with ¢ > 0, (2) global Riemannian products of a line or a circle
with a Kaehler manifold of constant holomorphic sectional curvature if ¢ = 0 and
(3) a warped product space Rx ¢C if ¢ > 0. It is known that the manifolds of class
(1) are characterized by admitting a Sasakian structure. Kenmotsu [5] character-
ized the differential geometric properties of the manifolds of class (3); the structure
so obtained is now known as Kenmotsu structure. In general, these structures are
not Sasakian [5].

In the Gray-Hervella classification of almost Hermitian manifolds [4], there ap-
pears a class W, of Hermitian manifolds, which are closely related to locally confor-
mal Kaehler manifolds. An almost contact metric structure (¢, £, 7, g) on a manifold
M is called a trans-Sasakian structure [7], if the product manifold (M x R, J, G) be-
longs to the class Wy [4], where J is the almost complex structure on M x R defined
by

J(X,ad/dt) = (¢X — a&,n(X)ad/dt)

for all vector fields X on M and smooth function a on M xR and G is the product
metric on M xR. This may be expressed by the condition [1]

(L.1) (Vx9)Y = alg(X,Y)E —n(Y)X] + Blg(¢X,Y)§ —n(Y)pX]

for some smooth functions o and 3 on M and we say that the trans-Sasakian
structure is of type (o, 3).
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From the condition (1.1) it follows that
(1.2) Vx§ = —agX + BlX —n(X)g],

(1.3) (Vxn)Y = —ag(¢X,Y)E + Bg(oX, ¢Y).
In particular from (1.1), one has the notion of a #-Kenmotsu structure which may
be defined by
(Vx)Y = Blg(dX,Y)E —n(Y)$X],
where (3 is a non-zero constant. Also, we have
Vx€& = pBlX —n(X)¢.
Thus a = 0 and therefore a trans-Sasakian structure of type («, 3) with 8 a non-

zero constant is always (3-Kenmotsu manifold. If 8 = 1, then S-Kenmotsu manifold
is Kenmotsu manifold.

A linear connection V in a Riemannian manifold M is said to be a semi-
symmetric connection [3,9] if its torsion tensor 1" of the connection V

(1.4) T(X,Y)=VxY - VyX - [X,Y]
satisfies
(15) T(X.Y) = n(Y)X - n(X)Y,

where 7 is a 1-form. If moreover, a semi-symmetric connection V satisfies the
condition

(1.6) (Vxg)(Y, Z) = 2n(X)g(Y, Z) — n(Y)g(X, Z) = n(Z)9(X,Y)

for all X,Y,Z € x(M), where x(M) is the Lie algebra of vector fields of the mani-
fold M, then V is said to be a semi-symmetric semi-metric connection.

2. Lorentzian -Kenmotsu manifolds

A differentiable manifold M of dimension n is called Lorentzian 3-Kenmotsu
manifold if it admits a (1, 1)-tensor field ¢, a contravariant vector field £, a covariant
vector field n and a Lorentzian metric g which satisfy

(2.1) X =X+n(X)E, n€)=-1, ¢£=0, n(X)=0,

(2'2) g(¢X7 ¢Y) = g(X7Y)+T7(X>77(Y)7 g(X5£) = n(X)’ g((ZSXvY) = 7g(X7 ¢Y)

for all X, Y € x(M). Then such a structure (¢, 7, &, g) is termed as Lorentzian para-
contact structure and the manifold M with a Lorentzian para-contact structure
is called a Lorentzian para-contact manifold [6]. On a Lorentzian para-contact
manifold, we also have

(2.3) (Vxo)(Y) = Blg(6X,Y)E +n(Y)oX]

for any X,Y € x(M), where V is the Levi-Civita connection with respect to the
Lorentzian metric g. Thus a Lorentzian para-contact manifold satisfying (2.3) is
called a Lorentzian -Kenmotsu manifold [11]. From (2.3), it is easy to obtain that

(2.4) Vxé=—p¢*X = —B[X + n(X)E],

(2.5) (Vxn)Y = Bg(¢ X, ¢Y) = Blg(X,Y) +n(X)n(Y)].
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Moreover the Riemann curvature tensor R, the Ricci tensor S and the Ricci oper-
ator () on a Lorentzian §-Kenmotsu manifold M with respect to the Levi-Civita
connection satisfy the following equations [11]:

(2.6) R(X,Y)¢ = F[n(Y)X — n(X)Y],

(2.7) R(&,X)Y = B°[g(X, V)¢ —n(Y)X],

(2.8) R(¢, X)€ = F[n(X)€ + X],

(2.9) S(X,€) = (n—1)Fn(X), 8(£,6) = —(n — 1),
(2.10) Q€ = (n — 1)§%,

(2.11) S(@X,¢Y) = ~S(X.Y) — (n — 1)Fn(X)n(Y),

where X,V € x(M) and S(X,Y) = g(QX,Y).
Definition 2.1. [12] A Lorentzian (3-Kenmotsu manifold M is said to be an n-
Einstein manifold if its Ricci tensor S of type (0,2) satisfies
(2.12) S(X,Y) = Ag(X, Y) + dan(X)n(Y),
where \1 and Ao are smooth functions on M. In particular, if \a = 0, then an
n-Finstein manifold is an Einstein manifold.

Contracting (2.12), we have

(2.13) r=ni — As.
On the other hand, putting X =Y = £ and using (2.9) in (2.12), we also have
(2.14) —(n—=1)% ==X\ + X
Hence it follows from (2.13) and (2.14) that
A\ = r—(n— 1)/32’ Mg — r—n(n— 1)/7’2.
n—1 n—1
So the Ricci tensor S of a Lorentzian S-Kenmotsu manifold is given by
r—(n—1)p r—n(n—1)3?
(2.15) S(X.)Y) = %Q(X» Y)+ %W(X)TI(Y)

The relation between the semi-symmetric semi-metric connection V and the
Levi-Civita connection V on M is given by

(2.16) VxY =VxY —n(X)Y + g(X,Y)E.

3. Curvature tensor of Lorentzian g-Kenmotsu manifolds with a
semi-symmetric semi-metric connection

Let J_\_J be_ an n-dimensional Lorentzian G-Kenmotsu manifold. The_ curvature
tensor R of M with respect to a semi-symmetric semi-metric connection V is defined
by

(3.1) R(X,Y)Z =VxVyZ -VyVxZ — ?[X,Y]Z.
From (2.2), (2.16) and (3.1), we obtain
(3.2) R(X,Y)Z = (VxVyZ —-VyVxZ -V xy|Z)

+(Vym)(X)Z = (Vxn)(Y)Z +n(X)g(Y, Z)¢

579



580

A. Haseeb, J-B Jun, M. D. Siddigi and M. Ahmad

—n(Y)g(X, Z2)§ + g(Y, Z)Vx€ — g(X, Z)Vy <.
Using (2.4) and (2.5) in (3.2), we get

(3.3) R(X,Y)Z = R(X,Y)Z — (B = 1)n(X)g(Y, Z)¢
+(8 = Dn(YV)g(X, 2)§ — Bg(Y, Z)X + Bg(X, 2)Y,
where X,Y, Z € x(M) and
R(X,Y)Z =VxVyZ -NyVxZ -V xy|Z

is the Riemannian curvature tensor of the connection V.
From (3.3), it follows that R satisfics

(3.4) RX,Y)Z+R(Y,2)X +R(Z,X)Y =0
and
(3.5) R(X,Y)Z = -R(Y,X)Z

which implies that R satisfies the first Bianchi identity and skew-symmetric prop-
erty with respect to the first two variables with respect to a semi-symmetric semi-
metric connection.

On contracting X in (3.3), we get

(3.6) SV, 2)=5(Y,2)+ (28 -nB—-1)g(Y,Z) + (8 — 1)n(Y)n(Z),

where S and S are the Ricci tensors of the connections V and V, respectively on
M. This gives

(3.7) QY = QY + (26 —nf+1)Y + (8 - n(Y)¢,

where Q@ and Q are the Ricci operators of the connections V and V, respectively
on M.

Contracting again Y and Z in (3.6), it follows that

(3.8) F=r—(m-1[n-1)p5+1],

where 7 and r are the scalar curvatures of the connections V and V, respectively
on M.

From (3.6), it follows that

(3.9) S(Y,Z)=S8(2,Y).

Thus the Ricci tensor S in a Lorentzian 3-Kenmotsu manifold with a semi-symmetric
semi-metric connection is symmetric.

Lemma 3.1. Let M be an n-deminsional Lorentzian 3-Kenmotsu manifold with a
semi-symmetric semi-metric connection V, then

(3.10) R(X,Y)E = B(8 - 1)[n(Y)X —n(X)Y],

(3.11)  R(§,X)Y = (5~ 1)g(X,Y)§ — B(B8 — 1)n(X)Y + (8 — Dn(X)n(Y )¢,
(3.12) R(&, X)¢ = B(6 — 1)[n(X)¢ + X],

(3.13) S(Y,€) = [(n—1)§* — (n+ 1) + 2nJn(Y),

(3.14) Q¢ = [B(8 — 1)(n - 1) +2J¢,

where X,Y € x(M).
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Proof. From equations (2.1), (2.2), (2.6)-(2.10), (3.3), (3.6) and (3.7), we find equa-
tions (3.10)-(3.14) easily. O

Lemma 3.2. Let M be an n-deminsional Lorentzian (3-Kenmotsu manifold with a
semi-symmetric semi-metric connection V, then

(3.15) (Vx@)Y = (B~ 1)g(6X,Y)E + Bn(Y)o X,
(3.16) Vx€ = —BIX +n(X)g],
(3.17) S(¢X,0Y) = —S(X,Y) — (28 — nf — 1)g(X,Y)

—[(n = 1)8* —nB + 2n — 1n(X)n(Y),

where X, Y € x(M).
Proof. By the covariant differentiation of ¢Y with respect to X, we have
VoY = (Vx¢)Y + ¢(VxY)
which by using (2.1) and (2.16) takes the form
(Vx9)Y = (Vxo)Y + g(X, ¢Y ).

In view of (2.3), the last equation gives

(Vxd)(Y) = (8 - 1)g(¢X,Y)E + Bn(Y)E.

To prove (3.16), we replace Y = £ in (2.16) and we have

Vx€=Vx§—n(X)¢+g(X. .
Using (2.2) and (2.4), it follows that

Vxé=—p(X +n(X)¢).

In order to prove (3.17), we replace X = ¢X and Y = ¢Y in S(X,Y) = g(QX,Y)
and we have

S(9X,8Y) = g(QoX, ¢Y).
Using properties g(X, ¢Y) = —g(¢X,Y), ¢Q = Q¢ and (3.13) in the last equation,
we get

S(0X,0Y) = =S(X,Y) — [(n = 1)6% — (n + 1) + 2n)n(X)n(Y)
which by using (3.6) gives (3.17). O

4. Pseudo projectively flat Lorentzian S-Kenmotsu manifolds with a
semi-symmetric semi-metric connection

Definition 4.1. The Pseudo projective curvature tensor P of an n-dimensional

Lorentzian 3-Kenmotsu manifold M with a semi-symmetric semi-metric connection
V is given by [8]
(4.1) P(X,Y)Z =aR(X,Y)Z +b[S(Y,Z)X — S(X,Z)Y]

T a

L

nn—1
where a and b are constants such that a,b # 0 and R, S and T are the curvature
tensor, the Ricci tensor and the scalar curvature with a semi-symmetric semi-metric
connection on M.

+b)[g(Y7Z)X _g(Xa Z)YL
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Let us assume that the manifold M with a semi-symmetric semi-metric connec-
tion is pseudo projectively flat, then

(4.2) g(P(X,Y)Z,¢W) =0

and hence

(4.3) aglR(X,Y)Z, oW] +b[S(Y, Z)g(X,¢W) — S(X, Z)g(Y, pW)]
= (= + B9V, 2)g(X,6W) — g(X, Z)g(Y, W) = 0.
Putting Y = Z = ¢ and using (2.1), (2.2), (3.12) and (3.13) in (4.3), we have
(4.4) —aB(B —1)g(X, W) — ((n —1)8% — (n + 1) + 2n)bg(X, oW)

r
(= + D)X, 6W) =0

which on using (3.8) gives
(4.5)

r=(n—1)j(n-1)g+1) 4 M0 VEAE-D+ (- 1DF - (n+ 15+ )]

a+b(n—1) ’

as g(X, oW) #£ 0.
Thus we can state the following theorem:
Theorem 4.2. If a Lorentzian (3-Kenmotsu manifold with a semi-symmetric semi-

metric connection is pseudo projectively flat, then the scalar curvature r is given by
(4.5).

5. &-pseudo projectively flat Lorentzian f-Kenmotsu manifolds with a
semi-symmetric semi-metric connection

If the Lorentzian S-Kenmotsu manifolds with a semi-symmetric semi-metric con-
nection is &-pseudo projectively flat, then

(5.1) P(X,2)=0
and hence )
(5:2) aR(X,Y)E +H[S(Y.X = S(X,OY] - ~(—== +b)[g(\,O)X —g(X.)Y]

Taking inner product of (5.2) with U, we have

(5.3) ag(R(X,Y)&,U) +b[S(Y,€)g(X,U) — 5(X,€)g(Y.U)]
—— (= + DY )g(X. U) = n(X)g(Y. U)):

Taking Y = £ and using (2.1), (2.2), (3.12) and (3.13) in (5.3), we get

(5.4) ag(R(X,Y)¢,U) =0= R(X,Y)¢ =0.

Using (2.2), (3.13) and (5.4) in (5.2), it follows that

(5:5)  [((n— 1B = (n+1)8+2n)b - =(

a

7 HOlm)X —n(X)Y) =0

which on using (3.8) gives

(n = Dl = VG = (n+ 1B+ 2nlb.

(5.6) r=n-1[nh-1)8+1]+ a+tbln—1)

Thus we can state the following theorem:
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Theorem 5.1. If a Lorentzian 3-Kenmotsu manifold with a semi-symmetric semi-
metric connection is £-pseudo projectively flat, then R(X,Y)E = 0 and the scalar
curvature r is given by (5.6).

6. ¢-pseudo projectively semisymmetric Lorentzian §-Kenmotsu

manifolds with a semi-symmetric semi-metric connection

Definition 6.1. A Lorentzian 3-Kenmotsu manifold with a semi-symmetric semi-
metric connection (M”,_g), n > 1, is said to be d-pseudo projectively semisymmetric
if P(X,Y) - ¢=0on M forall X, Y € x(M).

Let M be an n-dimensional (n > 1) ¢-pseudo projectively semisymmetric Lorentzian

[-Kenmotsu manifold with a semi-symmetric semi-metric connection. Therefore

P(X,Y)- ¢ =0 turns into

(6.1) (P(X.,Y)-6)Z = P(X,Y)6Z — 6P(X,Y)Z =0

for any vector fields X, Y and Z € x(M). Now from (4.1), we have

(6.2) P(X,Y)pZ = aR(X,Y)pZ +b[S(Y,0Z)X — S(X,$Z)Y]
L )Y, 62)X — g(X,62)Y]

In view of (2.1), (3.3), (3.6) and (3.8), (6.2) yields
(6.3)  P(X.Y)oZ = a[f*(9(Y,92)X — 9(X,02)Y) — (B — 1)n(X)g(Y. $Z)¢
+(B = n(Y)g(X,0Z)§ — Bg(Y,$Z)X + Bg(X, ¢2)Y]
+b[S(Y,¢Z)X — S(X,0Z)Y + (28 —nB —1)g(Y,0Z2)X — (26 —nf —1)9(X, ¢2)Y]
r—(n=1((n - 1)ﬁ+1)(

n n—1

a

+0)[g(Y,02)X — g(X,92)Y].

Similarly, we have

(6.4) ¢P(X,Y)Z = a[3*(9(Y, 2)9X — 9(X, Z)6Y) — B9(Y, Z)$X + Bg(X, Z)¢Y]
+0[S(Y, Z)9pX — S(X,Z)pY + (28 —np — V)g(Y, Z)p X

(26 =nB —1)g(X, Z)¢Y + (6 — 1)n(Y)n(Z2)¢X — (8 = 1)n(X)n(Z)¢Y]

M D) S bla(v, 200X — (X, Z)o

Putting (6.3) and (6.4) and then taking ¥ = £ in (6.1) , we obtain

%_‘_(Qﬂ_nﬁ_l)ﬂ_r—(n—l)(;n—l),@—l—l)‘

(6.5) [a(l —5%) —b(
(n i 1

+0)]g(X,02)¢ + [~ap(B — 1) +b((n — 1)5* + 26— nf —1) = f+1)

r—(n- 1)(5?— 1B+ 1)(n A+ B)n(Z)sx = 0.

Now considering Z to be orthogonal to £, then n(Z) = 0 and ¢g(X, ¢Z) # 0, which
implies that
(6.6)

[(~af?+a)—b(

r— Elni—ll)ﬁ2+(2ﬁ_nﬁ_1))+r —(n - 1)(7(2n -1)p+1) _ i 1

583
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which on simplifying gives
(6.7)
nn —1)[(2-n)bs — (a+b)+ (a —b)p* + (n—1)((n — 13>+ 1)(a+b(n — 1))

r =

a—b
Thus we can state the following theorem:

Theorem 6.2. For an n-dimensional ¢p-pseudo projectively semisymmetric (n > 1)
Lorentzian (-Kenmotsu manifold with a semi-symmetric semi-metric connection,
the curvature tensor r is given by (6.7).

7. ¢-Ricci symmetric Lorentzian §-Kenmotsu manifolds with a
semi-symmetric semi-metric connection

Definition 7.1. 2] A Lorentzian ($-Kenmotsu manifold M with a semi-symmetric
semi-metric connection V is said to be ¢-Ricci symmetric if the Ricci operator @
satisfies

»*(VxQ)(Y) =0
for any vector fields X, Y € x(M) and S(X,Y) = g(QX,Y).
Theorem 7.2. An n-dimensional ¢-Ricci symmetric Lorentzian (3-Kenmotsu man-
ifold with a semi-symmetric semi-metric connection is an n-Finstein manifold.

Proof. Let us assume that the manifold is ¢-Ricci symmetric with a semi-symmetric
semi-metric connection. Then we have

(7.1) *(VxQ)(Y) =0
which in view of (2.1) becomes
(7.2) (VxQ)(Y) +n((VxQ)(Y))E =0.

Taking inner product of (7.2) with Z, we have
9l(VxQ)(Y), Z] + n((VxQ)(Y))n(Z) =0

which on simplifying takes the form

(7.3) 9l(VxQY), Z] - S[(VxY), Z] + n((VxQ)(Y))n(Z) = 0.
Replacing Y = ¢ and using (3.13), (3.14) and (3.16) in (7.3), we find
(7.4) S(X,Z)=[8(B—-1)(n—1)+2]g(X,Z)

HBB =D —1)+2 = (n—1)F" + (n+1)8 — 2n]n(X)n(2).
By replacing X = ¢X and Z = ¢Z and using (2.2), (7.4) reduces to

(7.5) S(¢X,9Z) = [B(B —1)(n — 1) +2]g(¢ X, $Z).
which in view of (2.2) and (3.17) gives
(7.6) S(X,Z)=—[(n-1)% - (2n - 3)3 + 1]g(X, 2)

—[2(n —1)3% — (2n — 1)B + 2n + Un(X)n(2).
Equation (7.6) is of the form S(X,Y) = Ag(X,Y) + Xan(X)n(Y),
where \; = —[(n—1)8% —(2n—3)3+1] and Ay = —[2(n—1)3% — (2n—1)B+2n+1].
This result shows that the manifold under the consideration is an 7-Einstein man-
ifold. O
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