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GENERALIZED FRACTIONAL INTEGRATION OF
k-BESSEL FUNCTION

G. RAHMAN, K.S. NISAR", S. MUBEEN, AND M. ARSHAD

ABSTRACT. In this present paper our aim is to deal with two integral
transforms which involving the Gauss hypergeometric function as its
kernels. We prove some compositions formulas for such a generalized
fractional integrals with k-Bessel function. The results are established
in terms of generalized Wright type hypergeometric function and gen-
eralized hypergeometric series. Also, the authors presented some corre-
sponding assertions for RiemannLiouville and ErdélyiKober fractional
integral transforms.
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1. INTRODUCTION AND PRELIMINARIES

The Gauss hypergeometric function is defined as:

Jn(0)n 2
(

(1) oFi(a,b;c;2) = Z (e )( o

n=0

where a,b,c € C, ¢ # 0,—1,—2,--- and (\), is the Pochhammer symbol
defined for A € C and n € N as:

(2) (Mo =1, Mn=2AA+1DA+2)---A+n—-1);neN.
The series defined in (1) is absolutely convergent for |z] < 1 and |z| = 1

(see [2]). Saigo [9] introduced the following left and right sided generalized
integral transforms defined for = > 0 respectively as:
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and
«,0,m . 1
(Lﬂ f) (z) = (o)
(4) X /(z —0) P R (a4 B —masl =2 ) f(t)da,

x
where «, 3,7 € C and Re(a) > 0 and 2F}(a, b; ¢; z) is Gauss hypergeometric
function defined in (1). When § = —q, then (2) and (4) will lead to the
classical Riemann-Liouville left and right-sided fractional integrals of order
a € C, R(a) > 0, (see [11]):

—a—p

6 (1)@= [@-0" 0> o)
0

and
o0

© (57 )@= 5o / (=002 f (D) da(a > ),

If 8 = 0, then equations (3) and (4) will reduce to the well known Erdélyi-
Kober fractional defined as:

z—o B r
M) (5271) @) = ( Kfuf ) @) = T [@= 000

0

and

o0
xn

a,0,n _ — ) = — T — a—1l;—a—-n T
OB ) @) = ( Kyof ) @) = gy [l =070 0)a
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where a,n € C, R(a) > 0 (see [11]).
The generalized k-Bessel function defined in [10] as:

9) Wie(2) = ; rk(nk(fu) T k! (%)m%’

where k > 0, v > —1, and ¢ € R and I'y(2) is the k-gamma function defined
in [1] as:
o tk
(10) Tk(z) = /tzﬁle*?dt,z e C.
0
By inspection the following relation holds:

(11) Tp(z+ k) = 2Tk(2)
and
(12) Tk(=) = kE'T(5).

If ¥ — 1 and ¢ = 1, then the generalized k-Bessel function defined in (9)
reduces to the well known classical Bessel function J, defined in [3]. For
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further detail about k-Bessel function and its properties (see [4]-[6]).
The generalized hypergeometric function ,Fy(z) is defined in [2] as:

(1), (a2), -+ (ap)
pFo(2) = Iy, 2
(81), (B2), -~ (By)

(13) Z (al (O[Q)n e (ap)n ﬁ

(B1)n(B2)n - -+ (Bg)n n!’
where «;, 8 € C; 1 = 172’... 0, j=1,2,---,qgand b; #0,—-1,-2,--- and
(2)n is the Pochhammer symbols. The gamma function is defined as:

(14) T(p) = /t“ileftdt, e C,

0
(15) I'(z+n)=(2).I'(z),z € C,

and beta function is defined as:
1

(16) B(z,y) = /tH(l —t)vldt.

0
Also, the following identity of Gauss hypergeometric function holds:
I'(c)l(c—a—10)

a0 ehlebiel) = 5= STy

(see [2], [11]).
The Wright type hypergeometric function is defined (see [12]-[14]) by the
following series as:

;R(c—a—0) >0,

(s, Ai)ip
pPq(2) = p¥q ' 2
(6]7 Bj)l,q

B i I(ag + Ain) - -T(ap + Apn) 27

(18) — T'(B1+ Bin) - T'(Bg + Byn) n!

where 3, and us are real positive numbers such that

q p
1+Z,33—Zar > 0.
s=1 r=1

Equation (18) differs from the generalized hypergeometric function ,Fg(z)
defined (13) only by a constant multiplier. The generalized hypergeometric
function ,Fy(z) is a special case of ,U,(2) for A; = Bj = 1, where i =
1727"' 7pa'ndj:1527"' yq:

(19)

1 (1), -+ (ap) 1 (o, D)1p
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For various properties of this function see [7].
Lemma 1.1 (A. A. Kilbas and N. Sebastian [8]) Let «, 8,7 € C, R(«r) > 0
and A > max[0, 8 — n], then the following relation holds:

’ MNP +1n— —B-1
(20) ( 1—(()‘4}6"715)“1 ) (z) = F(l;\(_)/l;)(l“(—)tvi o f—)ﬁ) o

Lemma 1.2 (A. A. Kilbas and N. Sebastian [8]) Let o, 8,7 € C, R(cr) > 0
and A > max[0, 8 — n], then the following relation holds:

‘ Tn— X2+ 1I(B-A+1) 5
21 a,Bma—1 _ A—pB-1
(21) ( = )(x) TO-N(a+B+n—A+1)
In the same paper, they define the following left and right sided Erdélyi-
Kober fractional integral as:

I'(A+n) _

22 K ! ==t
(22) ( e ) (@) T+ o+ 'r])w
where R(a) > 0, R(\) > —R(n), and

(23) (Kpat™ ) (@) = o2

)

)

where R(A) < 1+ R(n).

2. REPRESENTATION OF GENERALIZED FRACTIONAL INTEGRALS IN TERM
OF WRIGHT FUNCTIONS

In this section, we introduce the generalized left-sided fractional integra-
tion (3) of the k-Bessel functions (9). It is given by the following result.

Theorem 2.1. Assume that o, 8, n, A\, v € C be such that
(21 R(w) > —1,R(a) > 0, R\ +v) > max[0, R(5 — 1),
then the following result holds:

AL v
rE-p-1
[tk t) =2t
(551 o0) @) = =
(25)  x9U3 —%

(%"’%_B72)7(%+%+a+072)7(%+171)
Proof. Note that the condition

q p
14> 8= ai>0
j=1 i=1

is satisfied so therefore 9U3(z) is defined. Now, from (3) and (9), we have

OB R -1k (z) = - (_C)n(%)%Jr% OB AR a1 (z)
( o4 T WU’C(t)) “ _ZFk(v—Fk—Fnk)n!( okt " ) r

n=0
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By equation (24) and for any n =0,1,2,---, R(A + v+ 2nk) > R(A+v) >

max[0, R(S — n)]. Applying equation (21), we obtain

B2 111k R
«,0, T
(Io+,/cnt’c Wv,c(t)) (r) = —of
Xi T2+ 2+2n)T(2+ 2 +n—B+2n) |
STE+2-B+2mIT(E+ 2 +a+n+2n)e(} +1+n)ks
(—cx?)"
26 A
(26) Gy

By equation (18), we obtain
(Bt W) (@)

ghtp-1 G2 Gretn-5872

= ———2V3 _ ca?

(2k)* v A g9y (v A oy (v 411 | — %
(k+k B, ),(k—i-k—l—oz—l—n, )a(k+ 1)

This is the required proof of (25).

Corollary 2.2. Assume that a, X, v € C be such that R(v) > —1, R(a) > 0,

R\ +v) >0, then the following result holds:
phtRta-1

( Ig, T IWE (1) )(x) = ~ant

(v+ A\ 2k) .
(27) x 1Py — %
(L+2+a,2), (2 +1,k)

Proof. By substituting S = —« in (25), we obtain the required result.

Corollary 2.3. Assume that «, n, A\, v € C be such that R(v) > —1,

R(w) > 0, R(A+v) >0, then the following formula holds:

+ 2 dyk AL
(et o) - 2k

(3+2+n.2)
(28) X 1‘1’2 ‘ — ar-
(3+24+a+n2),(2+1,1)

Proof. By setting 5 =0 in (25), we get the desired result.

Theorem 2.4. Assume that o, 3, n, A\, v € C and k > 0 be such that
(29) R(v) > -1,R(a) > 0,R(X —v) < 1+ min[R(B), R(n)],

then the following result holds:

x)\;v —p-1

o A
(ot ) = “o
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(1+ﬁ_%+%a2) (1_—+ +7772)

T 42

(1-2+22),1+8+a+n—2+%2),(2+1,k)
Proof. Note that the condition

q V4
+Zﬂj—za¢ >0
j=1 i1

i.e.,1 > —1) is satisfied so therefore 9¥3(%) is defined. Now, from (4) and
9), we have

(
(
( ﬂﬁﬁtgflwk l ) )k+2n

Zf‘k v—f—k’—i—nk)n'

) ( I((])ciﬁ,ﬂt%Jr%—Qn—l )(w)

By equation (29) and for any £ > 0 andn =0,1,2,---, RA—v—-2n—-1) <
1+ R\ —v—1) <14 min[3,R(n)]. Applying equation (21), we obtain

AL v
1 prtE=h-1
1P IWE (= =
(somwe ) @ - 2o
53 (g — 2+”+1+2MH0 24+ L 414 2n)
—~T(l-2+%+2n)T(a+B8+n—2+3+1+20) (% +1+n)
F@"
31 —_—
(81) x (4kx2)mn!
By equation (18), we obtain
1 %77’%7’871
(2w ) ) - T
i (2k) &
xo W3 | = T

(I1-24+%2),(a+B8+n—2+%+1,2),(4+1,1)
This is the required proof of (30).
Corollary 2.5. Assume that o, n A\, v € C and k > 0 be such that R(v) >
-1, 0 < R(a) <1 —R(\—v), then the following result holds:
A_w
z-pta-1

a s 2—1yi7k —
(Bt )@ = =0
(1-—a—2+122)

(32) X 1\112 | — @-
1-2+%2),(3+1,1)
Corollary 2.6. Assume that ., n, A\, v € C and k > 0 be such that R(v) >

-1, R(a) > 0, R\ +v) < 1+ max[0,%R(n)], then the following formula
holds:

(Kt wh(h) ) @) =
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(14+-2+%+n2)
(33) x 1Py |—ﬁ2‘

3. REPRESENTATION IN TERMS OF GENERALIZED HYPERGEOMETRIC
FUNCTION

In this section, we introduce the generalized fractional integrals of k-Bessel
function in term of generalized hypergeometric function. First we consider
the following well known results:

2z—1 1
(34) [(2z) = NG I(z)'(z+ 5); zeC
and
n 2y 21
(35) (2)2n = 22 (i)n(T)ny zeC,neN.

We represent the following theorems containing the generalized hypergeo-
metric function.

Theorem 3.1. Assume that o, 3, n, A\, v € C be such that

(36) R(v) > —1,R(a) > 0,R(\ + v) > max[0, R(S — n)],

and let % + % % + 3 +n—B8#0,-1,---, then the following result holds:

T TR PrG e -p)
(2k)F TR+L-BIR+2+a+nl(E2+1)

(7 Wl (1) (@) =

(37)
A A 1 A B A —B+1
tom kTt Tt T T
X4 F5 — %
A A +1 A +7 A +n+1
Frlgptop— %ok tor— 3t R+ Lo o+ T
Proof. Note that 4F5 defined in (37) exit as the series is absolutely conver-
gent. Now, using (15) with z = Z + 1 and (26) and applying (35) with z
being replaced by %—i— B %+ 7 +n— B and % + ¢ + a+mn, we have

Mv_g_q
(167t wka) () = S
(2k)F

Xi PG+ G +2+n-8)

ZT3+32 BTG+ +a+nl(E+1)
G DGRt Ba (—e?)r

(£ + 2= B)an(%+ 2+ a+ B (k)"
R S A IR R )

2k)F T(E+2 =B+ 2+a+nl(L+1)

Xi (3% + 3i)n gk + 3t + Dnlgr + 35 + 5)n(gg + 35 + 5)n

= B+ D(5r + 35— Dalgr + 3k — Dalgg + 55 + FDalgr + 55 + 4
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Thus, in accordance with equation (13), we get the required result (37).

O

Corollary 3.2. Assume that o, A\, v € C be such that R(v) > —1, R(«a) > 0,
R(A+v) >0 and % + 4 =0,-1,---, then the following result holds:

A42pa-1 | N
(ermwi o) 0= SEED,
A A 1
sttt ,
(38) X9 F3 — %

Proof. By substituting 8 = —« in (37), we obtain the required result.

O

Corollary 3.3. Assume that o, n, A\, v € C be such that R(v) > —1,
R(a) >0, RA+v) > 0 and let 2+ %L +n—p # 0,—1,---, then the

following result holds:

T(3+%+n)

k) T(3+2+a+nl(L+1)

(39) X 2F3 | — %
R
Proof. By setting 8 =0 in (37), we get the desired result. O
Theorem 3.4. Assume that o, 3, n, A\, v € C and k > 0 be such that
(40)  R((v) > —1,R(a) > 0,R(\ — v) < 1+ min[R(B), R(n)],
and let % +r+Ln— % + 7+ 1#0,-1,---, then the following result
holds:
A v g
, 1 zh kPt
Iayﬂ’nt%ilwk - — _
( 0— v,c(t) ('7" (Qk)E
y I(B—2+2+1)I(n—2+2+1)
F1-2+9T(a+B+n—2+2+ 1T +1)
(41)
B+l A B+2 A +1 A +2 A
T m T T —wm T w —ak o T T %k
x4 Fs
1A A +B+n+l A A2 A
ity wtoml-Zto 2 it "3 % tx%

|~
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Proof. Using (15) with z = 7 4+ 1 and (31) and applying (35) with z being
replacedbyﬁ—%—f—%—f—l, 1—%—1—%andﬁ—%—l—%—}-a—}-n—}-l,weha\/e
A_v_pg_q
<Ig"’8’"t2_1ch(l)> (z) = u
i (2k)F
D(3— 3+ 3+ I- 3 +3+1)
Q- 24+9T(a+B+n—2+2+ 12 +1)

1 1
G it 121 R i VG et R e B RV
9 /5 9 1 +r
a0 B Da(G = g5 + g0)n) (L — g5 + gp)n (R — G+ 30)n(F — g+ g5 + D
(=9)"

O —

(4kz2)"n!
By equation (13), we obtain the required given in (41). ]

Corollary 3.5. Assume that o, n A\, v € C and k > 0 be such that R(v) >
1,0 < R(a) <1-R(A—v), and let 2 — 2+a # 1,2, - then the following
result holds:

gh=Etol T—a—2+241)

( gt W (3) ) (@) = 2k T(1-2+HrE+1)

—B+1 A ) —at2 A )

ARt S N cNT LT S

(42) X 2 F . |~ 7t
v 1 v A v
rtlha—Ftogl-5t+ap

Corollary 3.6. Assume that o, n, A\, v € C and k > 0 be such that R(v) >

=1, R(a) > 0, R\ + v) < 1+ max[0,R(n)] and let % —t-n#12,-,

then the following formula holds:

A_v_q A v
Tk Tk I'n—2+72+1
( KTI_O‘tF_IW’EC(%) )(%) = z ( A . v . v )
(@0)F T -3+ PIE+1)
+1 A ) n+2 A
eatwT Htn .
(43) <ol 1A +n+2 I~ me
41+ a A
i e S T il T
Corollary 3.5 and 3.6 follow from theorem 3.4 in respective cases 8 = —«
and 8 = 0.
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