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THE CONVOLUTION SUMS ¥, _ 1(m)os(n — $m) AND
Em<% o3(m)oi(n — 8m)

AERAN KIM

ABSTRACT. In this paper we evaluate the convolution sum formulae of

Z o1(m)os(n —8m) and Z o3(m)oi(n — 8m)

m<g m<g
for all n € N.
2010 MATHEMATICS SUBJECT CLASSIFICATION. 11A05.
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1. INTRODUCTION

For n € N, k € NU{0}, q € C with |q| < 1, we define the divisor function
and the infinite product sums :

:de, Alq) Z:ZT Hl—q

dln n=1
(1) A(g) = a(n)g" :qH(l—q
n=1
() Z n)q _24 H l_q 12(1+q)

(1+q¢*)*

n=1

Theorem 1.1. Let n € N be an even integer. Then

i(n) = 128a(g).

For g € C satisfying |q| < 1, the Eisenstein series L(q), M(q), and N(q) are

(2) L(g) =1—-24) ai(n)g",
(3) M(q) =1+240)_o3(n)q",
n=1

N(g) =1-1504) o5(n)q",
n=1
see [1, p. 318]. Now we need the following identities which can be found in
Lahiri [8, p. 149]
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[ee] o0

L*(q) =1-288 noi(n)q" +240 Y o3(n)q",
n=1 n=1

[ee]
M?(q) =1+480 ) o7(n)q",

n=1

65520 . 432000

3 n

(4) MP(g) =1+ = Zau ool Z ()",
o0 [ee]

(5) L(q)M(q) = 1+ 720 nos(n)g" — 504 o5(n)q",
n=1 n=1

L(q)M?*(q) = 14+ 720 ) no7(n)q" — 264 ag(n)q",

n=1 n=1
65520 | 762048
N2 _ n n'
(6) (q) 601 2011 691 ;T(“)q
Then it was shown that
3
™) A(g) = o5 (M(@)* ~ N(a)?)

by Ramanujan. And he gave in his notebook the following formulae, which
are proved in [2, p. 126-129] :

(8) L(q) = (1 — 5a)w? + 122(1 — a:)w(jl—Z,
9) M(q) = (1 + 14z + z*)w?

(10) N(q) = (14 2)(1 — 34z + 2*)w®,
(1) L(¢?) = (1 — 22)w? + 62(1 _x)w‘fl_:,

M) = (1— o+ 22,
N(g?) = (1 +2)(1 — %x)(l e

(12) Ligh) = (1— Z:c)wz +3a(1 - x)wfi—:,



The convolution sums 2 o, (m)ag(n—8m) and Z o (m)al (n—8m)

7 <ﬁ m<ﬁ
"= 8
4 1 5 4
(13) M(q):(l—x%—ﬁx)w,
N() = (1 = 22)(1 - 2 — —=a)u®
2 32 ’

where for 0 < x < 1, w is defined by

11 21 /20?2
w:2Fl(§7§;l;I):ZW(n> z".

n=0

From (7), (9), and (10), we obtain

(1l —a)tw'?

(14) Al9) -

Applying the principle of duplication (see [2, p. 125])

) (),

qa—q, wﬁ(

to (14), we deduce that

(15) Ay =20
Again applying the principle of duplication to (15) and (13) respectively, we
have
(1 — z)w'?
(16) Ay = T
5 11 3 3 dw
8 2
= - — — — — — 1 — e
(17) L(q%) (8 16x—l-8\/1 x)w +2x( x)wdx,
and
17 17 1 15 15
8 2 4
= — ot 2 VT -7 — VI
a8) M(q’) (32 2 o TRV T ut $>7”

15

1 15
=——M(q2)+gM(q4)+— 1—xw4—6—4x 1—zw

32 16 32

In [10, Theorem 1] for all n € N we can see that
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> o1(m)oi(n —8m)

m<yg

— 303 + groa() + o)+ gy + (5 - g5 ) o

(-2 e

with

> T/ —$w4
(19)  K(q): Zk(n)q —QH 1—¢" q4")4=12—4-

Moreover in [6, Theorem 3.2],[4, Theorem 1.2] we can find that

> o3(m)os(n — 8m)

n
m<g

1 n

= g355840 | 24007(3) + 384 — 3481

8355840{ Go7(n) +24007(5;) + 384007 4)+6553607( =) — 3481603(n)
— 3481603 () + 18480b(n)

— 255h(n) }

+ 1977606(5) - 36249601)(1) +1020g(n)

Z o1(m)os(n — 8m)
m<g
1
= ———— 11344 4032 1612
TT93105 { 1B44o7(n) + 403207 () + 1612807 () + 6553607()
— 22848 (n — 4) o5(n) + 435201 (

g) — 1071h(n) — 2142g(n)

—35616b(n) — 1421952b(g) - 186654721)(%)} ,

and

> o5(m)or(n — 8m)

n
m<§

1 " .
= Sro7reood 152 201607(=) + 12902407(~ ) + 1101004
280756224 {3 o7(n) +201607(5) +12902407(7) + 1101004807 (

|3

)
n)

/\OO

11698176 (21 — 1) o5 8) + 55705601 (n) + T497h(n) — 17136g
—282912b(n) + 446208b(g) + 1221427201)(1)} ,

where



The convolution sums E o, (m)ag(n—8m) and Z o (m)al (n—8m)

< <
m < — m <
8 8

= Bt n z(1—xz)uwd
= > bma =g [J (1 - gt - g2y = T
= n=1

e n\32(1 _
@) 6= e =2 ]] ”(ql l;%mﬂ )

n=1

o0
H(q Zh q _ 212 3 H 1 +q2n)4( _ 477,)16 = 31 — zws.
n=1
In succession we consider the similar forms like the above results and
obtain as follows :

Theorem 1.2. Let g € C satisfy |q| < 1. Then we have
(a)

1 148

LOM() = g5 <q)+%mq2>+ SN~ N ()
+8L(@)M(q) — o 1(a) ~ 5o A) + 5 AP,
(b)
L(¢)M(g) = 33376 (a) + 112N(q2>+ > N(g )+;fN< %) + <L(0)M(g)

Theorem 1.3. Let n € N. Then we have
(a)

203(7”)01(”_8”1):61}7005( )+ 40196 75(3 )+2;6 (E) %05(%)

n
m<§

1 n 1
~ 51 Bn = Das(g) = go(n) + grin)
_|._ ia n) —_ La(ﬁ)

4096 25612

(b)
> al(m)ag(n—8m):%a5( )+ 2;6 5(2 )+— 5( )+ 5%(%)

n
m<§

1 1 n 1 .

~ 195 B =8 os(n) = 55501(3) — 1571
3 1 n

- ﬁa(n) - 6—4@(5)-

2. PROOFS THEOREM 1.1, THEOREM 1.2, AND THEOREM 1.3

Using (1) and (15) we have

(21) Alq) =
(vefer to [3, (4.1)]). Applying the principle of duplication to (21) we obtain
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(22)

1 (1-vI=z\’ 1-vI—z\°]| /1+vI—=z\°
A(q2)=_4<1+\/1—x> {1_<1+\/1—$> }( 2 ) o
1 (1-vi—w)® +vi—a)'-(1-vi-a)’

20 1y yToa)’ (1+vi—z)
><(1+\/1—x)6w6
=2%(1—\/1—x)2~4\/1—x~(1+\/1—x)2w6
*2%412 4v1 — zw®
221 = zw®
=

From (19) and (20) we deduce that
I(q) = V2'K(q)G(q)

o0
1_+_q 32(1_qn)16
4 4
{0 ey I

1

oo n\16 /1 _ 8
—24qH(1—q (1=¢)° (1+q2")2‘(1+(ql)+;21n)6“

(1+¢")'(1 —¢")?
(1+¢)*

—24qH 1—g")' (144"

o H (1—g")"2(14¢")*
1+ an)4

and

24

= zv1 — zub.

(23 @)= 24K(q)G(q)—{24'x LI 1—J:w8}2

Proposition 2.1. (See [3])For q € C with |q| < 1, we have

(a)
LM () = 2L()M(?) + 5N (@) — SN (),

(b)
M(q)L(q®) = %L(Q)M(Q) — i—;N(q) + ;—TN(qQ),

(©

N@N (@) = ~ g M) ~ e MY(@) + 3 N2(0) + 22 N(eP),

520 104 13



The convolution sums E o, (m)ag(n—&n) and Z o (m)a1 (n—8m)

m < % m < % 467
(d)
N(@)N(g") = s M¥q) — o MP(e?) — D0 Ar ()
%NQ(Q) 3%25N2< ) + 1515336N2( ),
(e)
4 4 5 64
L(q)M(q") = 4L(q") M (q )+%N( )+ 15N 7)) - N 1)
45
()
. 1 4 5 16 .,
L(¢")M(q) = 7L(@9)M(q) — 57N (@) + 5¢ N(q® ) + 57N (@7) + 90A(g).

Proposition 2.2. (See [10, p. 392]) Let ¢ € C with |q\ < 1. Then we have
(a)

1 2 16
4 L 2 16 4
(b)
1 1
4 ) — M
zw’ = 7= M(q) = 7 M(a%),
(c)
16 16
2.4 10 9y 10 4
Lemma 2.3. Let ¢ € C with |g| < 1. Then we have
(a)
64
6 _ —
w’ = 63N( q) + 63N( q') +16A(q),
(b)
ruf = — L N(g) + = N(¢) + 8A(q)
T3 q 63 q q),

P = — N () + V(@) - 84(),
(@

3 6 2 64

W =—§N(Q)+ N(q)——N( 1) — 16A(q).

Proof. (a) First by (8) and (12) we know that

4AL(g") - L(g)
=4 {(1 B gx)wQ +3z(1 - x)wfi—l;}} - {(1 - E)ﬂc)w2 + 122(1 — x)wj—l;j}

= 3w?,
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which shows that

(24) w? = L") ~ 1 L(o).

Then from Proposition 2.2 (a) and (24) we deduce that

— (%M - —M(q ) + 1§M( )) (%L(q“) - %L(q))
= EM@L") ~ EM@)La) — M) + =M () L(a)

+ EM (") ~ oM L)

and so we use (5), Proposition 2.1 (a), (b), (e), and (f).
(b) It is obvious by Proposition 2.2 (b) and (24).
(c) It is definite by Proposition 2.2 (¢) and (24).
(d) Let us consider (10) as follows :

N(q) = (1+2z)(1 — 34z + 2H)w’ = (1 — 33z — 3322 + x3)
= w® — 33zw° — 3322w’ + 2Pw°

and so we refer to Lemma 2.3 (a), (b), and (c).
O

Proof of Theorem 1.2. (a) By (8), (12), (18), and (23) let us expand

(25)
M(q*)L(q) — 4M(¢*)L(q")
_<—31—2M(q)+196M( )+ \/_w ——w 1—xw>L(Q)
= s ML) + 7 M(a)L(0) + SM () E(a) — M (g L(e")
n ;_;’ T—aw' (L(q) — 4L(¢")) — é—ixﬂw“ (L(g) — 4L(g"))
= — LML) + ML) + S (e — IM (") L")
n ;g T~ zw! (~3u?) — gx T— 2w (—3u?)
_ _iM( ) L(g) + EM(q“)L(q) + éM(qg)L(q“) - %M(Q‘*)L(Cf)
- —x/1T + 21(q).

64
In a similar manner from (8), (11), (18), (22), and (23) we can obtain



The convolution sums 2 o, (m)ag(n—8m) and Z o (m)al (n—8m)

m < % m < % 469
(26)
M(¢®)L(q) — 2M(¢*)L(¢")
= <—31—2M(q2) + 1—96M(q4) + ;—;mwl - é—im 1- mw4> L(q)
1 9 15 15
9 (—3—2M(q2) + EM(q4) + 3—2\/1 —zwt — ax 1-— xw4) L(qg)
= ML) + M) E) + 16 ML)~ SM (g L)
+ BT (L) - 2L(6%) - e T 7wt (Lg) ~ 2L(s°)
- _31_2M(q2)L(q) + %M(q4)L(q) + 11—6M(q2)L(q2) - §M(q4>L<q2>
- zl))—; 1—xw4(1+w)w2+é—ix T—zw' (1 + 2)w?
= ML) + 5 M(¢)L(0) + 6 M@ L(P) — SM(d)L(e)

15 15 15
— 3—2\/1 —zwb — ax\/l —zwl + 6—4\/1 —zz’u’

= ML) + 16 M(a)L(0) + 6 M@ L) ~ SM(a)L(e)

32 16
15 o 15 15 ¢ o

Then by (25) and (26) we have

2M (¢*)L(q) — 6M (¢*)L(q®) + 4M (¢®)L(q")
=3{M(q*)L(q) — 2M (¢*)L(¢*) } — {M(¢®)L(q) — 4M(¢*)L(q")}

= ML) + DML + ML) — M (") D)

1 9 45
= gM(¢*)L(a") + 3 M(q")L(q") + 180A(¢%) — 551()

and so we refer to (5), Proposition 2.1 (a), (b), and (e).
(b) First by (25) we deduce that

VI—azu® = % {—M(qS)L(q) +4M(¢*)L(q") - %M(q2)L(Q)
F ML) + ML) — PO + 10}

and so appealing to (5), Proposition 2.1 (a), (b), (e), and Theorem
1.2 (a), we write the above identity as

27) VI—auw®= %N((f) - %N(cf‘) + %N(qg) +1(q) — 16A(g%).

Second from (8), (9), and (17) we observe that
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(L(q) = 8L(¢*)) M(q)

= L(q)M(q) — 8L(¢*)M(q)

= (—4 + %x — 3m> w? - (1 + 14z + 2*)w!
= —4uwb — 12£xw6 + 32%w% + %m3w6 —3v1— zw® — 422v1 — zub
— 3221 — zu®

and so we apply (22), (23), (5), Lemma 2.3, and (27).

(]
Proof of Theorem 1.3. (a) By (2) and (3) we note that
24240 ) | > o3(m)or(N —8m) | ¢
N=1 m<%
= (24 Zaﬂn)q") (240 Z Ug(m)q8m>
n=1 m=1
= (1~ L(q)) (M(¢%) — 1)
= M(¢*) = 1= L(9)M (") + L(q)
and so we use Theorem 1.2 (a).
(b) From (2) and (3) we know that
24-240 3" | 3 o1(m)os(N —8m) | ¢
N=1 m<%
= (2402 Ug(n)q"> (24 Z al(m)q8m>
n=1 m=1
= (M(q)=1) (1~ L(c%))
= M(q) = M(q)L(¢®) = 1+ L(¢®)
and so we refer to Theorem 1.2 (b).
O

The following relation involving divisor functions

(28) ox(on) = (¢ +1) o) + ou(7) = 0

for a prime p and k,n € N is given in [9, Theorem 3.1(ii)].

Proof of Theorem 1.1. We put an even positive integer n = 2L for L € N
in the following identity and so by (28) we have



The convolution sums 2 o, (m)ag(n—8m) and Z o (m)al (n—8m)

< <
m < — m <
8 8

Z Ug(m)0'1(n - 8m)

= Z o3(m)o1(2L — 8m)
(29) m<7g o
= > o3(m) {301(L—4m) - 20—1(L 24 )}
=3 Z ag(m)al(g —4m) —2 Z 03(m)01(g —2m).

Then applying

> o3(m)oi(n — 2m)

1 (I1-3n) n 1

505(n) + 1205() 703(5)_%01(n)

~ 240
and

1
Zag(m)al(n dm) = 3810° os(n) + 3567

m<g
(I1-=3n) n 1 1
g 3() ~ g7 () F ggge()
in [3] into Eq. (29) we obtain

(30)
> os(m)or(n — 8m)
= os(0) + %a ()4 os(2) — 5 (3~ Dos(2) — or(3)
1
* 1207 (5 )+ﬁ (2)

Since Eq. (30) is the same as Theorem 1.3 (a) for even n, therefore we
equate them and have

— o) + ss0s(5) = mossos(5) + s son(n) — ()

(31) 614407°\" T 204807° 1920771 240"1 8071\
+ o5o1(3) — grsitn) — osa(n) + gra(3) =0
120 8192 4096 64 2 ’

Finally by (1) and (28) we obtain

a(n) =0, 05(71)_3305( ) — 3205(2 7). and al(n):301(g)7201(g)

for even n and so applying these facta into (31) we conclude the proof.
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Lemma 2.4. Let ¢ € C with |q| < 1. We define F(q) by

e 00 5, 12
o _ 5 24 32 32 _ LW
P@) =3 f" = [L0 = a0 ) 2004 )% =

Then we have
(a)
2Pw'? = 1048576 F(q),
(b)
z*w!? = 65536 A (qh) + 1048576 F(q),

L <m+16M(>+—i—%@—33N%ﬂ

7020 1755 9828 2457
(@)
Pt = LM (g)+ 2 M) + L N (g) - N2 (g)
3510 1755 4914 2457

+ 128A(q?) — 65536A(¢1) — 1048576 F(q),

1 32 1 46
12 — ]\/[ M 2 o N2 2
w0t = oM @) + M@ + V@) g V)
+16A(q) + 896A(¢2) — 1048576F (q),
(f)
11 314 22528 5
12 oLl 2 3 v 2
W= g M)+ g M) + S M) — N )
440 10240
~ so V(@) - N?(q*) + 32A(q) + 1280A(¢?)
+ 1310724 ().
Proof. (a) Proof is obvious by the definition of F(q).
(b) We expand A(q?) in (16) as
4 12 4,12 5,12
4 T(l—2)w*  ztw x’w
Alg") = 916 T 916 916

then we use Lemma 2.4 (a).
(¢) In [5, Theorem 2.6(e)] we see that

(32) A%(q) = A?).
And by Lemma 2.3 (b) and (c) we observe that



The convolution sums 2 o, (m)ag(n—8m) and Z o (m)al (n—8m)

m<% m<%
JI R
~ (-GN + V) -840 ) (~N @ + N () +540)
:39%]\72((1) so60" OV (@) + 5555 V(@) - 64Ag(q)

and so we use Proposition 2.1 (c) and (32).
(d) Let us consider Eq. (15),

2 2,,12 2,,12 3,,12 4,,12
z4(1 — z)*w row 7w T w
A(g®) = Ju +

28 T 98 27 28
thus we apply Lemma 2.4 (b) and (c).
(e) From (14) we have

21— 2y Pw?  fw? 323w 2?w'? zw!?
A(q) = 4 = - + - +
2 24 22 23 22 24
therefore we appeal to Lemma 2.4 (a), (b), (c) and (d).
(f) First owing to (4) and (6) we deduce that

691 7 25
33 _— - N2
(33) ZU“(” s5520 T o™ @+ gaaY (@

Also in [7, Remark 4.1], [5, Theorem 2.5(1)] we can see that

757 "
N(q)A 6QIZou< n)q" +69120u< ¢ +@Z 7(n)q

n=1

19492 >
Z (n)g*" + 278528 Z r(n)g*

n=1 n=1
[ee]
+4325376 Y _ f(n)q
n=1
and
o0
4 _ -
N(g)Al@) = 2211 Z n)a" +22112 ZU”(”
22145 | TAS83
22112Z () 2764 T( e

+ 8384 Z 7(n)g™ + 67584 Z f(n)q™.

n=1 n=1

By applying (33) into the above two equations respectively, we have
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474
231 231 275
N(q)A(q) = — M3 3(¢%) — N?
(@)A(2) = = 355555 M) + 355550 M) = 75z V(@)
(34) 205 a2y, 75740 104928
t sy (@) T gep ) - e A

+ 278528 A(q*) + 4325376 F (q)

and
(35)
231 231 275
N 4 A - _ M3 M3 2 _ N2
(@A) = ~ 359961080 ™ (9 T 53906450 ™ (¢ ~ 1829260877 @
275 22145 74883
=Y N?(q? i
+ 20608 )t o+ S A )
+ 8384A(¢) + 67584 F (q).
Second from Lemma 2.3 (a) we obtain
w'? = w8 . Wb
1 64 ., .
= —@N(q) + —N(q ) +16A(q) —63 N(q) + N( ) +16A(q)
2. 64 32 2. 16 .64
632 N2(q) = 35 NN (a") = = N(9)Alg) + ——N(a")Aq)
642 2/ 4 2 42
+ —N*(q") + 16°A*(q)

632

therefore we refer to Proposition 2.1 (d), (32), (34), and (35).

Corollary 2.5. Let q € C with |q| < 1. Then

1 16 1 23
*(q) = 7020 M?(q) + 1755M (¢") + 9828N2(q)_ 2457N2( @) +192A(¢°)

— 65536A(q) — 1048576 F(q).

Proof. From (23) we deduce that

I’(q) = (zv1— xw6)2 = 22w'? — Z3w'?
and so we use Lemma 2.4 (c) and (d).
(]
3. APPENDIX

The first eighteen values of 7(n) are given in the Table 1



The convolution sums 2 o, (m)ag(n—8m) and Z o (m)al (n—8m)

m < n m < n
8 8
7(n) n 7(n) n 7(n)
1 7 | —16744 || 13 | —577738
—24 8 84480 14 | 401856
252 9 | —113643 || 15| 1217160

—1472 || 10 | —115920 || 16 | 987136
4830 || 11| 534612 | 17 | —6905934
—6048 || 12 | —370944 || 18 | 2727432

TABLE 1. 7(n) for n (1 <n < 18)

| UY x| W N = 3

similarly the first eighteen values of a(n) and i(n) are listed in the following
tables.

nian)| n|an) || n| aln)
1 1 7 | —88 | 13| —418
21 0 8| 0 [[14] O
31 —-121 9| —99 | 15| —648
41 0 |10 O [[16] O
5] 54 || 11| 540 || 17| 594
6| O 121 0 18 0

TABLE 2. a(n) forn (1 <n < 18)

1 16 7| —384| 13| 7648
2] 128 8 0 14 | —11264
31 320 9 | 2512 || 15 | —23680
4 0 10 | 6912 || 16 0

5| —1184 | 11| 1984 || 17 | —19168
6 | —1536 || 12 0 18 | —12672

TABLE 3. i(n) forn (1 <n < 18)
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