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A NOTE ON CARLITZ’S TYPE ¢-CHANGHEE NUMBERS
AND POLYNOMIALS

DMITRY V. DOLGY, GWAN-WOO JANG, HYUCK-IN KWON, AND TAEKYUN KIM

ABSTRACT. In this paper, we consider the Carlitz’s type g-analogue of
Changhee numbers and polynomials and we give some explicit formulae
for these numbers and polynomials.

1. Introduction

Let p be an odd prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic numbers and the completion
of the algebraic closure of Q,. The p-adic norm is normalized as |p|, = %. Let ¢

be an indeterminate in C,, such that |1 —g¢|, < p_ﬁ. The g-analogue of number

x is defined as [z], = ‘1;_—_11. As is well known, the Euler polynomials are defined

by the generating function to be

%ezt — Z E,,,(w)%, (see [1 — 14]). (1.1)

When z = 0, E,, = E,(0), (n > 0), are called the Euler numbers. In [1,2,3]
L. Carlitz considered the g-analogue of Euler numbers which are given by the
recurrence relation as follows:

2]q, ifn=0,

Eog=1, q(¢€; +1)" +&n g = {0 ifn>1

with the usual convention about replacing £ by & 4.
He also considered g-Euler polynomials which are defined by
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Enale) =3 (7) il 6y, (see 2,3). (12)

=0

In [8,9,10], Kim defined the fermionic p-adic g-integral on Z,, as follows:

pN-1

)= /Z f@)du—q(z) = hmOO [le] Z F@)(—q)*, (1.3)

where f(z) is continuous function on Z, and [z]_, = 1_1(_;5)m.

From (1.3), he derived the following formula for the Carlitz’s g-Euler polyno-
mials:

[ o o) = Eugfa), (02 0), (see 7.20) (1.4)

When 2 =0, &, 4 = /Z q [Pdu_q(x) are Carlitz’s g-Euler numbers.
The Changhee polynomlals are defined by the generating function to be

QLH(I + )% = ;}Chn(x)g, (see [5,6]). (1.5)

Thus, by (1.5), we get

n

En(z) =Y Sa(n, k)Chi(x), Chy(z) = Si(n,k)Ex(x), (n>0), (1.6)

k=0 k=0

where Sy (n, k) is Stirling number of the second kind and S; (n, k) is the Stirling
number of the first kind. In [10], the higher-order Carlitz’s g-Euler polynomials
are written by the fermionic p-adic ¢-integral on Z, as follows:

- s " ‘ . 1+ txrtx
ey = [ [ ) duyfa), (0> 0)
n=0 : Sy J Ly

(1.7)

In this paper, we consider the Carlitz’s type ¢-Changhee polynomials and
numbers and we give explicit formulas for these numbers and polynomials.
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2. Carlitz’s type ¢-Changhee polynomials

In this section, we assume that ¢t € C, with [t|, < p 7 71. From (1.3) and
(1.5), we note that

/Zp<1+t>f+ydu_1<y>=%aﬂ)x:;)c*hn(m)%, (see [4,5,6]). (2.1)

Thus, by (2.1), we get

| @+ D) = Chufa). (02 0) (22)
P

where (z)g =1, (), =z(x —1)---(x —n+1), (n>1).

In the viewpoint of (1.4), we consider the Carlitz’s type ¢-Changhee polyno-
mials which are derived from the fermionic p-adic g-integral on Z, as follows:

oo

/% L+ adp_y(y) => Chn,q(x)g. (2.3)
P n=0
Thus, by (2.3), we get
— " 1 k
3 Chala)iy =3 / e+l (togl1 + )
=X [ bridm Y siens e
k=0"Zp n=k :
= (Z Exq()S1(n, k)) ﬁ
n=0 \k=0
Indeed,
- R AW )P
> st [ e alidns) = 3SR e S (})a '

Therefore, by (2.4), we obtain the following theorem.
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Theorem 2.1. For n > 0, we have

et 8,33 L (B S

kOlO

Z S1(n, k)Ep q().

From (1.4), we note that

t" -
> Enala)i = [ td ) (25)
n=0 ’ Zyp
By (2.5), we get
1 letylot > tn
ZChk’q k_ et — 1) i e tdu_g(y) = Zé’n,q(a:)ﬁ. (2.6)
P n=0 :
On the other hand,
ZC’hk (@) (e =1)" = ZChk,q(x) > Sa(n, k)=
k=0 n=k ’

(2.7)

n

Thus, by (2.6) and (2.7), we get the following theorem.

Theorem 2.2. Forn >0, we have

ZChkq )Sa(n, k).
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From Theorem 2.1, we note that

o0 t"
n;)()hn,q(z)a
o] n k 0o m n
=2, Z (Z Sl(n,k)(l_l k (I;>qlm(_1)l Z (_ ql+1) > 1;'
n=0 \k=0 =0 m=0
=2,) (9m> (Z Sy (n, k)[m+x}’;> —n, (2.8)
m=0 n=0 \k=0
=2 Y (™) <[m Z ﬂq)t”
m=0 n=0

=20 ) ()"t

m=0

Therefore, by (2.8), we obtain the following theorem.

Theorem 2.3. The generating function of the Carlitz’s type q-Changhee poly-
nomials is given by

o0 o oo t"
2lg > (—g)™ (1 + t)lmHela — ZChn,q(x)H.
m=0 n=0
In particular, for x = 0, we have
- m m - tn
2 D (oAM= Chy g
m=0 n=0
From (1.3), we easily note that
al—q(f1) +1-4(f) = [2]¢f(0), where fi(z) = f(z +1). (2.9)

Thus, by (2.9), we get

'),
Zp

By (2.3) and (2.10), we get

(L4 ) ady o (y) +/Z (L4 O)Fadp_o(y) = [20,(1+ 1) (2.10)

i (4Chng(a+1) + Chn,q(m))g =2, > (I2l) = (2.11)

n=0 ’ n=0
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Comparing the coefficients on the both sides of (2.11), we get
4Chn,g( + 1)+ Cho (@) = 2y (als) =120 Y Su(nDlalfy (n>0). (212)
1=0

Therefore, we obtain the following theorem.

Theorem 2.4. For n > 0, we have

qChnq(z + 1) + Chy g(x) = [21, Y Si(n,1)[x]}.

1=0
From (2.3), we have
- [T+ yly n — Chy, o(®)
_ t" = —=t". .
g/( e = 30 S (213)

Thus, by (2.13), we get
z+y Chp,g(x
[ () gt = 2D ),
Z, n
Now, we observe that
(1+ t)letvle = (1 4 ¢)l#latd™Wla = (1 4 ¢)l#la . (1 4 )0 Wla, (2.14)

Thus, by (2.14), we get

s " ,
> Chulalyy = [ @40y )
n=0 '

b D
n

—ZZ& (n, k) / ( ]q+qm[y]q)kdufq(y)m (2.15)

n=0 k=0

S (ZZ ( )sl n, )t~ lqlwgl,q) -

n=0 \k=0 [=0

Therefore, by (2.15), we obtain the following theorem.

Theorem 2.5. For n > 0, we have

k
Chg(z) =YY" (I;) S (n, k)]t ~lg" €L,
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From (1.3), we note that

| @ @) = Jim e 3 fa)a)”
v =0 (2.16)
. 1 dp™ —1 N
ZNIEHOOW ;} f(w)(*Q) )

where d € N with d =1 (mod 2). For d € N with d =1 (mod 2), we have

d—1pN -1
a=0 z=0
By (2.17)7 we get
| aenEdu )
d—1

2], a dlq otz d

S0 [ ey T e )
4" =0 »

_ [2}11 - a - dk a+ar 1 1
= _0(—61) I;)[ i Zp[ ol dn—g (W) (log1+1)" (2.18)

[2}[1 d—1 . oo n . i n
= (—q) Z Z[d]qgk, T »91 (n, k) -

2les 2= n=0 \k=0 v
_ — [2}11 —< a k atx . "
- ; ([Q]qd e k:()(_q) [d]qgk,qd(T)Sl(nvk) m

Therefore, by (2.3) and (2.18), we obtain the following theorem.
Theorem 2.6. For n >0, we have
n d—1
Chy, (Z )“Eq (jf)sl(n,k))
k=0 a=0

For r € N, the higher-order Carlitz’s type g-Changhee polynomials are also
given by the multivariate fermionic p-adic g-integral as follows:

oo

/ / (1+1) rpat +I7+Igd/¢ q(xl) “dp—g (zr) Z
ZP ZP

(2 19)
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Thus, we note that

(log(l + t))k

?"p—t

n

t
Sunk) [ [t b alidu o) dig(on) )
ZI, ZP n:

n , t"
Sﬂn,k)é’,ﬁé(x)) -

n!
(2.20)
By (2.19) and (2.20), we get

Ch{") () 251 n,k)ET) (). (2.21)
k=0

When z = 0, Chm] = Chgf,g](O) are called the Carlitz’s type ¢-Changhee num-
bers.
By (1.7) and (2.19) we get

ZChkq e _1 / /e[:r1+ac2+ +~T1+T]f1td'u J(@1) - dp g ()
Ly Ly

- E n q
n=0

(2.22)
On the other hand,
) () L "y N ¢
ZChM )7 (e - ) ZC’h Qq(x)zsg(n,k)m
(2.23)

tn
_Z<20h x)Sa(n, k)) -

n=0
Comparing the coefficients on the both sides of (2.22) and (2.23), we have

£ (x) ZCW )Sa(n, k). (2.24)
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