WWwWw.jangjeon.or.kr

Advanced Studies in Contemporary Mathematics
http://dx.doi.org/10.17777/ascm2017.27.4.431

27 (2017), No. 4, pp. 431 - 440

A NOTE ON DEGENERATE EULERIAN NUMBERS AND
POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. In this paper, we study the degenerate Eulerian polynomials
and numbers and give some new and interesting identities associated with
several special numbers and polynomials.

1. Introduction

In combinatorics, the Eulerian number <::L>, is the number of permutations of
the numbers 1 to n in which exactly m elements are greater than the previous

element.
Indeed, the generating function of Eulerian numbers is given by

(i(k + 1)%&) 1 - z)"*! = i <m” 1>:c (see [7,10]).  (L.1)

k=0 m=1

Thus, by (1.1), we get

<n> :7§<”+1><_1)l(m+1_1)”, (n € N,m >0). (1.2)
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From (1.2), we note that

<Zl> B mff (n Z 1)(1)k(m +1-k)"
0

_m+1 n+1 k n—1 _
-> ( : )(_1) (m+1— k)" m+1—k)
m+
=(m+1)) ("Zl)(—l)k(m+ 1—k)"!
k
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By (1.3), we obtain the recurrence relation for Eulerian numbers as follows:

<:1> = (n— m)<;:b_11> + (m+ 1)<nn—1 1>, (see [3,7,10]). (1.4)

As is well known, the Eulerian polynomials, A, (t), (n > 0), are defined by the
generating function
1—t .- "
— _ Atz _ &
1= ¢ =3 An(t) T (1.5)
n=0
with the usual convention about replacing A™(¢t) by A, (t). From (1.4), we note
that

(A@t) + (t —1))" = tAu(t) = (1 = t)do.n, (n>0), (1.6)

where §,, 1, is the Kronecker’s symbol (see [7]). From (1.3), (1.4), (1.5) and (1.6),
we note that

Ap(t) = ; <7>tl, (n>0), (see[3,7,10]). (1.7)
The first few Eulerian polynomials are given by
1 Ao(1)
1 2 Sy .= =
+t+t7+1t7 + =i 1-¢
. 1 Aq(t)

142t + 387 +482 + .- = -
+ 2t + 3t + + TEDER T s
1+t Ag(t) ( ’ )

1422+ 322+ 4282 + ... = =
+ 2% + + + TEDERR T

1+ 4t +t2 As(t)
1+ 2%+3%2 + 433 + ... = = :
+2°t + + + L 1)
The Worpitzky’s identity expresses z" as the linear combination of Eulerian
numbers with binomial coefficients as follows:

g = §<Z> <m:k> (see [3,4,5,6,7,9,10]). (1.9)

k=0
From (1.6), we note that

n—1

ao) = 14,0 = 5 3 (DA -0, wzn. o)
=0
and

m n /n m+1 i . m o _
Z kmtk: _ Z(_l)"d‘_z <Z> %mz + (_l)n%fln(t), (111)

k=1 i=1
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where m > 1 and n > 0 (see [7,10]).
In [6], the degenerate ordered Bell polynomials are defined by the generating
function

1
2— (1+ At)>

o0
z t"
(14 X)X = Zb”"“‘r)ﬁ‘ (1.12)
n=0
When & = 0, b, » = b,.A(0) are called the degenerate ordered Bell numbers. It
is well known that the Frobenius-Euler polynomials are given by the generating

function

1—u

o0 1‘"

o uewt = Z Hn(a:|u)m7 (1.13)
n=0

where u # 1. (see [8]). When z = 0, H,,(u) = H,(0]u) are called the Frobenius-

Euler numbers. Recently, several authors have studied some interesting exten-

sions and modifications of Eulerian polynomials and numbers (see [1-12]).

In this paper, we study the degenerate Eulerian polynomials and numbers,
which are due to Carlitz (see [1]), and give some new and interesting identities
for these numbers and polynomials associated with several special numbers and
polynomials.

2. Degenerate Eulerian polynomials and numbers

We recall that the Stirling numbers of the first kind and of the second kind
are defined by the generating function as follows:

%(log(l +1)" =3 i, k)g, (2.1)
n==k
and
%(et - l)k = Z Sg(n,k)g, (see [11]). (2.2)
’ n=~k :

For A € R, we consider the degenerate Eulerian polynomials given by the gener-
ating function

et S Aualt) o (2.3)
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n=0
o ok oo -1
= (S anog) (X < ) )x m_y
k:oo 772:0 (24)
- A CUIC m
- Z k,/\(t>_! Z (t - ]-)m.,)\ ml -t
k=0 m=0
o0 n n :I;,’Il
=> Apa@®)(t = Dn—ix — tAn(t) | —,
k n!
n=0 \k=0
where (), =x(x —A) - (. — (n—1)A), (n > 1), (x)ox = 1.
Comparing the coefficients on both sides of (2.4), we get
n n i
> <k> A (@)t = Dn—gx — Az A (t) = (1 = t)d0,n.- (2.5)
k=0
Thus, from (2.5), we have
n—1 n
Z (k) Ak’,\<t)<t — 1)n7k,)\ - (t — 1)14”_’)\(15), (n 2 1), Aoy)\(t) =1. (26)
k=0
For n > 1, we have
1 n—1 n
Anr® = 727 3 () At = Do (2.7
k=0
From (2.3), we note that
1-1¢ 1-1¢
An, = z = Tz
nzo A n' 1+ )\x)Tl —t  etx los(han) g
7ZA;@ log(1+)\z))
kooo . \ (2.8)
B nmn
—ZAk kzsl(n,k:) nl
k=0 n=k

n

Z (ZA HAE S, (n, k)) %

k=0
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Thus, by comparing the coefficients on both sides of (2.8), we get

Apa(t) = AOA S (n, k), (n>0). (2.9)

k=0
In view of (1.7), we define the degenerate Eulerian polynomials by
Apa(t) = En: A (2.10)
, 1=0 H/x

Thus, we easily get limy—o (}), = (}), (n > 0). From (1.7), (2.9) and (2.10),
we have

> <?>/\tl = Aua(t) =D AN ES) (n, k)

=0 k=0
n k
— %;f > t'IA"k S (n, k) (2.11)
S (3 (i)

Comparing the coefficients on both sides of (2.11), we obtain

<T;>A = <I;>)\"_’“Sl(n, k), (0<1<n). (2.12)

k=l
By (1.12) and (2.3), we get

1 > "
b A—:iz Apa(2)=. 2.13
% " 2 — (14 Az)> ; Al (2.13)

Thus, by (2.11), we have

(2.14)

Il
RN
~
~_—
>~
3
Ead
n
it
—
3
o~
~

where 0 <[ <n. For 0 <[ <n, we have

< > i lii <k ’ 1) D™+ 1—m)* A" S (n, k). (2.15)

k=l m=0
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Note that

From (2.8), we can derive the following equation:

0 n
z 1-¢ 1-1¢
A ’)\(t)— = - = —
T; TRl (4 a) S ot e les(hae) g

;Hn(t)% (%) (log(1 + /\a:))n

> t—1 k oo )\nmn
ZHk(t) (T) ZS1(7’L,]€) nl
n==k :

k=0
- i (i(t — DFHp(t)A" %S, (n, k)) 9;—7:
n=0 \k=0 ’

where H,(t) is the Frobenius-Euler numbers. By (2.16), we get

Ar) = 3 NS, (n VLB~ 1P (n > 0).

k=0

Let us take t = 2. Then we have

n

by = > A"FS1(n, k)Hy(2), (n>0).
k=0

3. Further remark

(2.16)

(2.17)

(2.18)

Let p be an odd prime number. Throughout this section, Z,, Q, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Q,, respectively. The p-adic norm

1

is normalized so that |p[, = R Let ¢ be an indeterminate in C, such that

[1—gqlp < pfﬁ. As notations, the g-numbers are defined by

1—q" 1-(-q)"
= 3 and [aﬁ],q = ﬁ

437



438 D. S. Kimand T. Kim

Let f be a continuous function on Z,. Then the fermionic p-adic g-integral on
Zy, is defined as

pV-1
LN = [ f@dpog(o) = Jim oo 30 J@) 0 6D
P 4 z=0

From (3.1), we note that
qI-q(f1) + I-q(f) = [24£(0), where fi(z) = f(z +1). (3.2)
By (3.2), we get

(q+(1+xt)%>/ LA FH g (@) =2, 1, (33)
Zp

q

where A € Z,, and [t], < p~ 7 7. Thus, from (3.3), we have

_z 1+q
L+ 30 Dgy () = . 3.4
/Zp< ) o ) = (3.4)

From (2.3) and (3.4), we note that

1(.71,
n!’

o0
/ (L4 M) 30 Ddp_ o (2) =D Ana(—0q)
Ly n=0
Now, we define the degenerate rising factorials as follows:
<z >op=1, <z > a=z@+A)(@+2N) (2 + (n—1N), (n>1). (3.6)

It is not difficult to show that

-%(+q) — ,—%(Q+q)log(1+At) _ - 4w (T " n (log(l +)‘t))n
(1+ A1) ¢ ;( V" (5) Qo
S (E) Wt S St
A ’ n!
k=0 n=~k
[e ) n t’n
- Z (Z(—l)k/\"_k(l +q)*S1(n, k)xk> —-
n=0 \k=0 v
(3.7)
From (3.2), we note that
. N g+ 1 =) m
/Z g () = S = Z)Hn(fq)m. (3.8)
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Thus, by (3.8), we get
| @) = a0, (> 0)

where H,,(—q) are the Frobenius-Euler numbers. From (3.7) and (3.8), we have

oo n %
[ 20 E )= <Z<—1>’€A”"“<1 +q)’“sl<n,k>Hk<—q>> G

n=0 \k=0
(3.9
Comparing the coefficients on both sides of (3.5) and (3.9), we have
n
Ana(=0) = Y (1A (1 + @) Si(n, k) Hi(=q), (n > 0). (3.10)
k=0
In particular,
. — (—%(1+q)
14 At) =3+ = i A"t
(L+ )75 E::O .
0 n
=3 (—50+) N
=0 :
. . (3.11)
=S D < (4 g e
n=0
0 n
(D)t <es, o (4grs
n=0
From (3.11), we note that
- tn
> Aua(-a)y = [ (1420 T (a)
- : z
=0 OO” (3.12)
tn
=Y [ <o, e @)
n=0 14
Thus, by comparing the coefficients on the both sides of (3.12), we get
Ana(=9)
_ (_1\n
/Zp <z >n,ﬁ d/,l,_q—l(.’l}) = ( 1) T ) (TL > 0). (3.13)

For any positive real number A, the degenerate unsigned Stirling numbers of the
first kind [S1 x(n,!)| are defined by

<z >n,)\: Z |Sl,)\(nvl)|$l7 (n 2 0) (314)
=0
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From (3.14), we have

<

1

/Z ST A dp—q-1(z) = Z |S1,1
P

b

)| [ atduy @

— +a
=0 (3.15)
=181 o (D) Hi(—q).

!
Hence, by (3.13) and (3.15), we get

n _ nAn,)\(_q)
; 191 2 (D Hi(=q) = (=1) e

Il
o

(n>0).
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